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BCTYII

VY JOBIJHMKY BHKJIAQJIE€HO TEOPETUYHUI Marepian
1010 OCHOB MAaT€MaTUYHOTO aHaNi3y 3a TaKHMH TEMaMHU:
«lHTErpanbHe YHCIEHHA», «3aCTOCYBaHHS IHTErpajiB»,
«/ludepenmianbHi piBHIHHAY, K1 BXOASATH 10 KypCY BHIIOI
MaTeMaTHKU Ui CTYAEHTIB 1, 2 KypciB OyAiBeIbHUX, €JIEK-
TPOMEXAHIYHUX Ta EJIEKTPOTEXHIYHUX CHeI[labHOCTEH
NeHHOi Ta 3a04HOi (JOpM HaBUaHHS 3a HANpPsIMaMH ITiJro-
toBk 6.060101 — Bymiaunreo, 6.050702 — Enektpo-
Mmexanika, 6.050701 - EnextpoTexHika Ta eJIeKTpOTEX-
HOJIOTII.

JoBigauk «OCHOBH MaTeMaTHYHOTO aHaji3y (YacThHa
2)» CKIamaeThcs 3 3 pO3ALTiB: «IHTErpaibHe YHCICHHS,
«3acTocyBaHHs iHTErpaiiB»; «JludepeHianbai piBHIHHS
Ta JIOJATKIB.

TeopeTnunuii Martepian NPEACTaBICHO Y BUIVISI
OTMIOPHUX TaOJMIh, SKI MICTATh: BHU3HAYEHHS OCHOBHHX
MOHITh Ta (OPMYIH, KOMEHTapi, 3ayBaKCHHsI, PUCYHKH,
NPUKJIAIA PO3B’S3aHHS TUIMOBHX 3a7a4 3 3aCTOCYBaHHIM
3a3HaYEHOT0 TEOPETHYHOTO MaTepiamy.

VY nonatkax MojaHo OKpeMi BU3HAUEHHS, TEOPEMU Ta
3aja4i, po3B’sI3aHHS SKUX BHKJIMKA€E TPYTHOILI, abo € Jo-
NOMDKHMM MaTepiaJioM IiJl 4ac po3B’s3aHHs OUIbLI CKIIaJI-
HUX 33]1a4.



I3 ICTOPII IHTET'PAJIBHOI'O YUCJIEHHS

[HTerpasibHe YUCIIEHHS BUHUKIIO 3aBISKU PO3TISAY
BEJIMKOI KIIBKOCTI 3ajJady MaTEeMaTUKd Ta MPUPOI03-
HaBcTBa. HaliBaxiuBimmow 3 HUX — (i3UYHa 3aja4ya BU3-
HAYEHHS IUISAXY IMOJO0JAHOTO 3a MEBHHUM 4Yac pyxy 3a Bi-
JIOMOIO, aje, MOJJIMBO, 3MIHHOIO IIBHIKICTIO Ta 3HAYHO
JaBHIIIa 3aJaya BU3HAYECHHS IUIOMIMHU Ta 00 €My
reoMeTpuuHoi ¢irypu. Ilig 1HTErpaJibHUM YHCICHHSIM
PO3YMIIOTh PO3JIIJT MAaTEMAaTHYHOTO aHaNi3y, SKUH BUBYAE
1HTerpaiu QyHKIIH Ta X 3aCTOCYBaHHS.

OCHOBHUM B IHTETrpaJbHOMY YHCIJIEHHI € TOHATTA
UHTETpaily, sike, OJIHaK, Ma€ J[Ba PI3HUX TPAKTyBaHHS, Ta
NPU3BOIUTH BIAMOBITHO 1O TAaKUX MOHATH, SK HEBH3HA-
YEHU Ta BU3HAYEHUUN 1IHTETPaIH.

Jlo oOuuClieHHS BHU3HAYEHUX IHTETPAJIB 3BOJSATHCS
3a1a4i Mpo BUMIp TUIONI, OOMEXEHUX KpPUBHMH (3amadi
«3HAXO/DKCHHSI  KBaapaTyp»), [HOBXKHH IIyT  KPUBHUX
(«cpsIMIIEHHSI KPUBHUX» ), TLJIOIL TOBEPXOHB T111, 00'€MIB TiN
(«3Haxo/KeHHsI KyOaTyp»), a TakoX 3aJadl BHU3HAUYCHHS
KOOpJMHAT LEHTPIB Bard , MOMEHTIB 1HEpIIii, IUISIX TiJIa MO
BIJIOMIl HIBUAKOCTI pyXy, poOOTH, BUpPOOJIEHOI CHIIOIO, i
Oararo iHIIKX 3a]a4 MPUPOTIO3HABCTBA 1 TEXHIKH.

daxkTuyHe OOYMCIIEHHS BU3HAYCHHUX IHTErPajiB
3NIHCHIOEThCS PI3HUMH crioco0amu. B okpemux Bumaakax
BU3HAYCHHWI 1HTErpaj MOXKHA 3HAWTH, Oe3MocepeaHbO
OOYMCITIOIOYM TPaHUIll BIAMOBIAHOT IHTErpaNbHOI CYMH.
Opnak 31€01IBIIOTO TaKUK Mepexij 10 TPaHUIll CKJIaTHUM.
Jlesiki BU3HAYeH1 I1HTErpajid MOXJIMBO OOYMCIIOBATH 3a
JIOTIOMOT'OI0  TIOTIEPEAHBOTO  BIAIIYKAaHHS HEBHU3HAUYEHUX
iHTerpaniB. SIK MpaBUIO XK, TOBOJUTHCS BAABATUCS MO
HAOJNMKEHOTO  OOYMCIIEHHSI  BHU3HAUYEHUX  IHTErpaiB,



3acTocoByouH pi3Hi KBaaparypHi dopmyinu, Hampukia,
tpareiiii ¢opmyny (auB. Tpameriii ¢popmymna), CiMicona
dopmyny (auB. Cimmncona ¢opmyna). Take HaOmmxKeHE
oOumncieHHd Moxke Oytu 3xaiiicHeHe Ha EOM 3 alco-
JIIOTHOIO MOXUOKOIO0, 1110 HE MEepEeBUIIY€e OyAb-sIKOTO 3a/1a-
HOTO MAajoro MO3UTHUBHOTO 4YHCla. Y BUMNAAKaX, SKI HE
BUMAaraloTb  BEJIMKOI TOYHOCTi, IS  HAOJIMKEHOTO
00YHCIIEeHHS TeBHUX IHTETpaliB 3aCTOCOBYIOTh TpadivHi
meroau (nuB. ['padiuHi 0OUMCITICHHS ).

3a4aTKu 1HTETPaJbHOTO YHCIICHHS MOXKHA 3HAWTH B
Tpynax Apximena (287 p. g0 H. €. — 212 p. 10 H. e.): ¥
TBOP1 «IIpo BUMIpIOBaHHS JTOBXUHU KOJa» PO3TIISAIAETHCS
NUTaHHS TMPO BHU3HAYCHHS JOBXHHHM Ta IUIONII KOJa Ta
Kpyra, a B Tpakrati «lIpo map Ta uuninap» — npo noBepxHi
Ta 00’emMu Aeskux TUL. s BUpimeHHS MUX 3a1a4d ApxiMen
3aCTOCOBYBaB METOJl BuuepnyBaHHs €Brokca KHuacbkoro
(mpubnuzno 408 p. mo H. e. — 355 p. A0 H. e.). Takum
YUHOM, 1HTETpajbHE YHCJICHHS BUHUKIIO 3aBJSKA MOTpeOi
CTBOPEHHS 3araJlLHOr0 METOJy 3HAXOJDKEHHS IUIOII,
00’€MiB 1 IIEHTPIB TSHKIHHSL.

Tpyaun Apximena, Bmepumie BujnaHi B 1544 p. (Ha
JATUHCBKIM Ta TpeIbKid MOBax), IOYadd MPHUBEPTATH
yBary, Ta iX BUBYCHHS BUSBHJIOCS OJIHUM 3 Ba)KJIMBIIIUX
KPOKIB JI0 PO3BHUTKY I1HTETPaJbHOIO YHUCIEHHS. ApxXiMen
nepeadaunB Oarato i€l IHTETpaJbHOTO YHUCJICHHA. Aue
OpOMIIIO OUTBII HIX MIBTOPHU THCSYi POKIB, JOKH I i€l
3HAWIUIN YiTKe (JOPMYITIOBaHHS Ta Oy/Iu JOBEICHI 10 PiBHS
yrucneHHs. Marematuku XVII  cTONTTS, OTpUMaBIIM
0araTo HOBUX PE3YNbTATIB, BUMIUCS Ha Tpynax ApxiMmena.
AKTHBHO BUKOPHCTOBYBaBCS W IHINIUH METOA — METOJ
HEMOAUThbHUX, KUK Tako 3aponuBcs B JlaBHiit ['permii.
Hamnpuknan, KpuBOIHINHY Tpamerito BOHU YSABISUIA COO1


https://ru.wikipedia.org/wiki/%D0%90%D1%80%D1%85%D0%B8%D0%BC%D0%B5%D0%B4
https://ru.wikipedia.org/wiki/%D0%9C%D0%B5%D1%82%D0%BE%D0%B4_%D0%B8%D1%81%D1%87%D0%B5%D1%80%D0%BF%D1%8B%D0%B2%D0%B0%D0%BD%D0%B8%D1%8F
https://ru.wikipedia.org/wiki/%D0%95%D0%B2%D0%B4%D0%BE%D0%BA%D1%81_%D0%9A%D0%BD%D0%B8%D0%B4%D1%81%D0%BA%D0%B8%D0%B9

K CKIaJCHY 3 BEPTHKAJIbHUX BIIPI3KiB JOBKUHOIO f(X),

SIKUM TIPUTTHCYBAIM TUIONTY, 110 JOPiBHIOBATIA HECKIHYCHHO
Maniit BennuuHi f (x)dx . BiAMoBigHO 10 Takoro po3yMiHHS

IIyKaHa IUIONIy BBa)kajach TaKOIO, IO JOPIBHIOE CYMi:
S= Z f(X)dX meckinuenno Bemukoro umcna He ckiH-

a<x<b
YEHHO MaluxX IUioml. [HoMl, HaBITh MIAKPECIIOBAIH, IO
OKpeMi JOJJaHKM B MLl cymi Hyl, ajie HyJl OCOOJIMBOIrO
pony, SKI CKIajeHI B HECKIHYCHE 4YHCIIO W JaioTh
BU3HaueHy JnoaatHy cymy. Came Ha Takii, 3
CHOTO/IHIIIIHBOTO MOTJIA Y, CYMHIBHI! OCHOBI
I. Kerutep (1571 -1630) y cBoix mpamgx «Hoga
actpoHomisi» (1609) ta «CrepeomeTpis BHHHHX OOYOK»
(1615) mpaBunbHO OOYMCIWB JEAKl TUIONI (HAMPHUKIA,
wionly ¢irypu oOMexeHoi emincoM) Ta o0’eMiB (TUIO
po3pi3aHe Ha HECKIHYEHHO TOHKI TutactuHkH). Lli mocmin-
KEHHSI OYyJI0 TPOJIOBXKEHO ITaTiHChKUMH MaTeMaTUKaMHU
b. Kasan’epi (1598 —1647) ta E. Toppiuemni (1608 —1647).

Y XVII cr. 6yno 3pobimeHo Oarato BiJKPHUTTIB,
CTOCOBHO iHTerpasibHOTO yncieHHs. Tak, I1. depma Bxke B
1629 poui BupimuB 3a7a4y KBaApaTypu Oyab-siIKOi KpUBOT
y = xN , ne N - mime (to0To BUBIB GOpMYyITy

n 1 n+l 2 :

J.x dx = mx ), 3aBISKH IIbOMY PO3B’si3aB 3a7adi MIOA0
3HaXO/DKCHHsI 1eHTpy TsokinHA. I. Kermep mim dac BuBe-
JICHHS CBOiX 3aKOHIB PyXY IIaHET, (PAKTMYHO CIHMpaBCS Ha
izero HaOmmkeHoro interpyBanHs. 1. bappoy (1603-1677),
BuuTelnb HpblOTOHA, OJNM3BKO MiAIMIIOB A0 PO3YMIHHS
3B’A3Ky MDK IHTErpyBaHHA Ta JU(EPEHIIIOBAHHSM,
BCTAaHOBHB B3a€MO3B 30K MDXK 3aJ1au€l0 PO 3HAXOJKEHHS
IUIOUII Ta 3a/ayel0 MpPO 3HAXO/KEHHS NOTH4YHOI. Benuke

3HAUEHHS Maji PoOOTH WIOAO MpEeACTAaBICHHS (QYHKIUT Y
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BUTJISIZII CTETIEHEBUX psAniB. He3Bakaroum Ha IIHHICTH
OTpUMaHUX pe3ynbTariB MaremaTukamu XVII cr., dgwc-
JIEHHS K TaKOro Ie He 0yIo.

HeoOxigHo Oyno BUIIIMTH 3araibHi 11€i, K1 O
3HaXOJWJINCh B OCHOBI pilIeHHS O0araThb0X YacTUHHUX
3a/1a4, a TAKOXK BCTAHOBUTH 3B'SI30K MiX omnepamisMu aude-
PCHIIIFOBaHHS Ta IHTEIPYBaHHs, HAJaTH TOYHUN aJITOPHTM.
Ile 3pobunu I. Heroron Ta JleiOHim, sSKI BIAKPHIH
HE3aJIe)KHO OJUH BiJl OJHOTO TOW (haKT, IO BIAOMUN HaM
nig HazBoro Qopmynu Heiorona-JleiOHina. Tum camum
0CTaTOYHO C(hOPMYBABCS 3arajibHUN METO/, SKUW TO3BOJIUB
I. HetoTony, JleiiOHily Ta iX y4YHSM pO3BUTHU TEXHIKY
IHTErpyBaHHSI.

IcTopruno Wi 1HTErpajioM pPO3YMIIOTH  ILIOIILY
KPUBOIIIHIKHOT Tpamenii, yTBOpEHOi 3a/laHO0I0 KPHBOIO
f (x) Ta Biccro koopauHaT. J1Jist 3HaXOHKEHHS i€l TUIONTI
BIJIpI30K ab po30HMBalOTh HA N HEOOOB’A3KOBO PIBHUX
4acTUH 1 OyAylOTh CXOAWHKOBY (irypy (Ha pucyHKy 1
BOHA 3aIITPUXOBAHA). Ii IUIOIa JOPIBHIOE CyMi
HECKIHYCHOTO 4YHCJla JIOJAHKIB, KOXEH 3 SKHX
IpeCTaBIIsAE co0oro UIOILY KPUBOJIIHIHHUX
TPUKYTHUKIB.

Fl=)

i o

Pucynok 1. 'eomeTpuyHa iHTepnpeTaist iHTerpainy



JletiOHiIl BBIB HOBUM CUMBOJ ISl CYMU HECKIHUCHOTO
yycia JOJaHKIB <<I », SK JIem0 3MIHEHY KYpPCHUBHY

JATUHCBKY «S» — mepmry OykBy JaT. SUmma (cymma).
C110B0O «iHTETpan» MOXOAMTH Bif Jat. Integralis — mimicHwmiA.
[Tro Ha3zBy Oyno 3ampornoHoBaHO YyuHeM JleiiOHina
lorannom Bepnymti (1667—1748), mo0 po3pi3HATH «Cymy
HECKIHYEHOTO YKcia I0AaHKIB» BiJ 3BUYANHOT CyMHU.
Hamani mosnaduenHs JleliOHIlIa  yIOCKOHAIOBAB
XK. dyp’e (1768-1830). Bin sBHO movaB BKa3yBaTH Ha-
yaJlbHE 1 KIHLIEBE 3HAYEHHS JJI1 3MIHHOI IHTErpyBaHHS X:

b
'[ f(x)dx, BBIBIIM THM CaMHUM Cy4YacHE MO3HAYEHHS BU3HA-

a
YEHOT0 1HTEerpay.

[Tonepeny HeoOX1AHO OYIIO 111€ HABYUTHUCS 3HAXOIUTH
nepBicHi 0aratbox (yHKIINA, HagaTH JIOTIYHI OCHOBH
HOBOT'O YHCJICHHS 1 T. 1. AJie TOJIOBHE BXKe OYyJI0 3pO0JICHO:
nudepeHiialibHe Ta IHTerpajibHe YUCIEHHE CTBOPEHO.

Metoau MaTeMaTUIHOTO aHaizy aKTUBHO
PO3BUBAIOTHCSI B HACTYMHOMY CTOJITTI (B mepury 4epry
cma wHasBatu imeHa JI. Eiimepa, sxuii 3aBepiiuB
CHUCTEMaTHYHE JIOCIIKCHHS IHTETPYBaHHS E€JEMEHTApHHUX
¢ynkwiii, Ta 1. beprynmi). Y po3BUTKY IHTErpalbHOTO YHC-
JIEHHS B3sUIM y4yacTh MaTtemaTtuku M. B. Octporpaacbkuit
(1801-1862), B. 5. byHsikiBchkuii (1804-1889),
I1. JI. YeoOumre (1821-1894). Croro TenepinHbOro CTaHy
METOAM IHTErPyBaHHS B OCHOBHOMY JOCATJIM B poOOTax
JI. Eiinepa, a pO3BUTOK METOIB 3aBEepIIMIN Mpalli
M. B. Octporpancekoro Ta II. JI. Yebumena. [Ipunuumnose
3HAYeHHA MajH, 30Kkpema, pesynbraté Il. JI. YeOumena,
KW JOBIB, IO ICHYIOTh IHTErpajd, SKi HE MOXKHA
BUPA3UTHU 4yepe3 enemeHTapHi (yHkuii. CyBopuil BUKIA

Teopii iHTerpany 3’ ssBUBCS TIIbKHA B XIX cTomiTTi. PimeHHs
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https://ru.wikipedia.org/wiki/S_(%D0%BB%D0%B0%D1%82%D0%B8%D0%BD%D0%B8%D1%86%D0%B0)
https://ru.wikipedia.org/wiki/%D0%9B%D0%B0%D1%82%D0%B8%D0%BD%D1%81%D0%BA%D0%B8%D0%B9_%D1%8F%D0%B7%D1%8B%D0%BA
https://ru.wikipedia.org/wiki/%D0%9B%D0%B0%D1%82%D0%B8%D0%BD%D1%81%D0%BA%D0%B8%D0%B9_%D1%8F%D0%B7%D1%8B%D0%BA
https://ru.wikipedia.org/wiki/%D0%91%D0%B5%D1%80%D0%BD%D1%83%D0%BB%D0%BB%D0%B8,_%D0%98%D0%BE%D0%B3%D0%B0%D0%BD%D0%BD
https://ru.wikipedia.org/wiki/%D0%A4%D1%83%D1%80%D1%8C%D0%B5,_%D0%96%D0%B0%D0%BD_%D0%91%D0%B0%D1%82%D0%B8%D1%81%D1%82_%D0%96%D0%BE%D0%B7%D0%B5%D1%84
https://ru.wikipedia.org/wiki/%D0%AD%D0%B9%D0%BB%D0%B5%D1%80,_%D0%9B%D0%B5%D0%BE%D0%BD%D0%B0%D1%80%D0%B4
https://ru.wikipedia.org/wiki/%D0%9E%D1%81%D1%82%D1%80%D0%BE%D0%B3%D1%80%D0%B0%D0%B4%D1%81%D0%BA%D0%B8%D0%B9,_%D0%9C%D0%B8%D1%85%D0%B0%D0%B8%D0%BB_%D0%92%D0%B0%D1%81%D0%B8%D0%BB%D1%8C%D0%B5%D0%B2%D0%B8%D1%87
https://ru.wikipedia.org/wiki/%D0%A7%D0%B5%D0%B1%D1%8B%D1%88%D1%91%D0%B2,_%D0%9F%D0%B0%D1%84%D0%BD%D1%83%D1%82%D0%B8%D0%B9_%D0%9B%D1%8C%D0%B2%D0%BE%D0%B2%D0%B8%D1%87

miei 3amayl noB’si3aHo 3 ImMeHamu O. Komm, oxHoro 3
BUJATHUX MaTeMaTHKIB HiMelbkoro BueHoro b.Pimana
(1826-1866), dpaniryspkoro maremaruka ['. JlapOy (1842—
1917). baraTo mo B MUTaHHI PO 3HAXOKEHHS 1HTETpalIiB
B 3aMKHEHIH ¢opmi Oymo BuUpilIeHO B  poOoTax
XK. Jliyeimas (1809-1882). Biagmosiai Ha ©Oarato MNHTaHb,
II0J10 ICHYBaHHS IUIOINI Ta 00’eMiB (iryp, OyJI0 OTpUMaHO
saBasaku  ctBopenoi K. XKopmanom (1826-1922) teopii
Mipu. Pi3HOMaHITHI y3arajJbHEHHS TOHSTTS IHTETpaTy BiKE
Ha moyarky XX CTOMTTS Oyiau  3ampoIlOHOBaHI
¢bpaniy3skumMu MaTtematukamu A. Jleberom (1875-1941)
ta A. Jlamxya (1884-1974). ¥V 1930 p. A. I. Koamoropos
(1903-1987) omybmikyBaB poOOTYy, B SIKiii OXOIUICHI BCi
IHTErpaiy K TPaHULll PI3HUX IHTErPajJbHUX CyM. IHTerpan
A. I. KonrmoropoBa 3HaMIIIOB 3aCTOCYBaHHS B MaTeMaTH4-
Hil Gi3UIll, TPU MAaTEMAaTHYHOMY OOTPYHTYBaHHI KBAHTOBOI
MEeXaHIKd. Y PpO3BUTOK TMOHSATTS IHTErpaisy, OKpiM
A. 1. KonmoropoBa, BHecIu BETUKUNA HAYKOBHM JTOpPOOOK 1
IHII  pOCilicbki MareMaTuku. BoHHM 3poOunu mepimo-
4yeproBoi BaxxnuBocTi Biakputts. Lle A. A. Mapkos (1856-
1922), A.M.Jlanynos, II. H.JIy3im  (1883-1950),
A. S Xinugin (1894-1959). V teopii pynkuiit A. 5. Xinuin
OJIHOYacHO 3 JlaHXKya CTBOPUB TEOPIiI0 alPOKCUMATHBHUX
MOX1/THMX 1 y3araJbHUB MOHSTTS 1HTErpaa.

TakuM 4YHMHOM, BHMBYAIOYM MaTCMAaTHYHUN aHai3,
30KpemMa, po3ain «lHTerpaibHe YHCIEHHS», MH JIOJy-
YaeEMOCh JI0 BEJIMKOTO CHAJKy Ta KPOIITKOrO HaaOaHHS
HAyKOBIIIB JCKUIBKOX CTONITh, Ta I[IHHICTH SKOTO JJIS
CBOTOJIHIIIHBOTO Ta HACTYMHHUX TIOKOJiHb € 3HA4YHO
OUTBIITUM HI)K MU MOKEMO OCSITHYTH.
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1. IHTEI'PAJIBHE YU CJIEHHSA

1.1 HeBu3HauyeHuii inTerpan

1.1.1 BaacTuBOCTi HEBU3HAYEHOI 0 IHTErpaJy

No CioBecHe AHanmiTiyHuin
n/n dbopmynroOBaHHS 3armc
1. | IToxigua HEBU3HAYEHOTI'O

iHTeTpayia JTOPIBHIOE TIiTiH-
TerpaibHiil GyHKIIT

([ £ (x)ax) = £(x)

Hudepenmian HEBHU3HA-
YEHOr0 1HTEerpaja JOpiBHIOE
i JIHTETpAIbHOMY BHUpa3y

d (J' f(x)dx): f (x)dx

HeBusHauenuii iHTerpan Bif
madepenmiana QyHKIii 10-
PiBHIOE CyMi 1i€i QYyHKIIT Ta
JIOBLILHOI CTaJION

[dF(x)=F(x)+C

HeBusnauenuit interpan Bia
anredpaiqHoi cymu (QyHKLIN
JOpPIBHIOE CyMi HEBH3Ha-
YEHUX IHTETpaliB BIJl OK-
PEMHUX JI0JIaHKIB

J(£(x)+9(x)=h(x))dx

:I f (x)dx+_[g(x)dx—

—Ih(x)dx

Cramuii MHOXHUK, BiJMIiH-
HUH BiI HyIsd, MOXHA
BUHOCUTU 3a 3HAK HEBH3-
HAYEeHOT0 1HTerpasa

jaf X)dx = ajf
a=const =0

3MiHHA IHTErpyBaHHS MOXKe
OyTH sIK HE3aJeKHOIO 3MiH-
HOIO, TaK 1 JIOBUILHOIO HETIe-
pepBHO udepeHIIiiioBaHOO
byHKITIEO

If x)dx=F(x)+C <
If(u)du:F(u)+C,
u=u(x)
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Axmo migiaTerpagbHa GyHK-

g JIHIAHA BIJHOCHO 3MiH- J' f (ax +b)dx =
HOI IHTETpyBaHHS, 3a 3HaK
NEepBICHOI BUHOCUTHCS KOE- — 1 F(ax+b)+C

¢bimieHT 00epHEHHI 10 Koe-
¢inienTa npu 3MiHHINA

1.1.2 Tabanus inTerpaJis

OcCHOBHI HEeBH3HAUYEHI IHTETpAIIN

1. deu:C 5. jsinudu:—cosu +C
a+l
2. ju“du:u +C 6. jcosu du=sinu+C
a+l
du
2a. jdu=u+C 7. .[ ——=tgu+C
cos u
26. Idu =2Ju +C 8. .[dt; =—ctgu +C
sm u
du 1 u
2B. —=-=+C 0. —arcsm—+C
j u? u I\/a —u?
du du 2
3. —=Inju +C 10. :In‘u+ u +b‘+C
;v fm “
a'
4, ja du=— +C 11. 5 —arctg +C
Ina u? +a?
du u—-a
e'du=e" +C In C
4a. [ + 12. qu_az o el
JlogaTkoBi HEBU3HAYEHI IHTETpasld
du u du u m
—=Injtg—=| +C —=Ih|tg| =+—| | +C
L sinu g2 2. cosu g(z 4)
3. jtgu du=-In|cosu|+C | 4. jctgu du=lInsinu|+C
5. jshu du=chu +C 6. jchu du=shu +C
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7. du 8 du
=thu+C ' =—cthu +C
Ich2u IShzu
0. jm du:%umi%az In‘u+\/uzia2 +C
10. jm du=%u\/m+%a2 arcsin +C
a
_heau au .:
11. jea“sinbu du = be costz)u+621e S|nbu+C
a“+b
au au .p,
12. Iea“COSbu du=ae cosb;J+lt))2e smbu_‘_C
as+

1.1.3 OcHOBHi MeTOAU IHTErPyBaHHSA

1.1.3.1 Be3nocepeaHe iHTerpyBaHHA

OO6uucneHHs 1HTErpaiB 3a JOTIOMOT 010
0e3MocepeTHLOT0 BUKOPHUCTAHHS TaOJUI[l 1HTETpaliB 1
OCHOBHHMX  BJIACTUBOCTEH  HEBHM3HAUEHMX  IHTETpaliB
HA3MBAETHCA O€3MOCEPEIHIM IHTETPYBaHHSIM.

4 3 2
. X" =2X" +3X
MPUKJIAJL 1. OGuucnutu iHTErpan _[ ————x
X
Poszeé’sazanna: Bukopuctaemo 4 Ta 5  BIAacTHBOCTI
HEBU3HAYEHOTO iHTerpaia Ta 2 i 2a gopmynu i3 Tabmuii

OCHOBHUX HEBU3HAYCHUX 1HTETPAIiB:
4 3 2
XT —2X° +3X
I—dx =I(x2 —2x+3)dx = Ixzdx—zj xdx +

2
3 2 3

X
+3jdx:%—2%+3x+c :Xg—x2+3x+C.

MPUKJIAJL 2. OGuucnutu iHTErpa
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dx

J~x2 +X-3* —XCOoS X
X
Pozs’azanna: Buxopuctaemo 4 Ta 5  BJIaCTHBOCTI
HEBU3HAYEHOT 0 1HTerpana ta 2, 4 ta 6 popmynu 13 Tabnuii

OCHOBHUX HEBHU3HAYEHUX IHTETPAJIIB:

2 X 2 X
J.x +X-3 —xcosde:I(x_erG _XCOSdexzjxdx+

X X X X
2 X
+I3de—jcosxdx=x—+3——sin x+C.
2 1In3
MPUKJIA 3. O6uuciIuTH iHTErpa I tg®x dx.

Po36’a3anna: BukoprucraeMo TpUTOHOMETPUYHI (OPMYIIH,
4 BIAacTUBICTh HEBHM3HAYEHOrO IHTErpajia Ta 7 1 2a
dbopmynu 13 TabIUIII OCHOBHUX HEBU3HAYEHUX 1HTErPaIiB:

in’ 1 1
Itg%dx:_[i!éz); -[cg:SxX =-[[coszx_1)dx=

—'[dx:tgx—x+C.

- j cos® X
MHMPUKJIAL 4. O6unciuTH 1HTETpa
J'(Bsin X+TX0—4+—2 —ljdx :

1+x* x

Pozé’aszanna: Bukopucraemo 4 1 5  BIacTHBOCTI
HEBU3HAUEHOTO 1HTerpaia ta 6, 2, 2a 1 11 dopmynu 13
TaOJUIlI OCHOBHUX HEBU3HAUCHUX 1HTETPAJIiB:

J(:%sin X+7x3 -4+ Z—Ede:BJ'sinxdx+7_[x3dx—
1+x° X

X4
—:—3cosx+77—4x+

+2arctgx —In|x|+C.
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IPUKJIAZL 5. OGunciuTH 1HTErpa J. ﬂ
X

Pozs’azanna: Bukopucraemo 6 1 7  BIAcCTHBOCTI
HEBM3HAUEHOT0 1HTEerpana Ta 2B ¢opMyily 13 Tabnuii
OCHOBHUX HEBHU3HAYEHUX IHTETPAJIIB:

dx 1 1 1
R Y S —
(25x-1)> 25| 25x-1 25(25x —1)

MMPUKJIAJL 6. OGuucnutu iHTErpa
I[ 2 + > jdx
5x-1 /3x+7

Pozé’azanna: Buxopucraemo 4 — 7  BIacTHBOCTI
HEBHM3HAUEHOTO IHTerpasia Ta 3 1 20 dopmynn i3
TaOIHUI[I OCHOBHUX HEBU3HAUCHUX 1HTETPAIiB:

2
X=2
I(SX 1 \/3x+7) I5x 1 I\/3x+7
=2§In|5x—1|+5-—-2\/3x+7+C=

:éln |5x — 1|+—\/3x+7 +C.
MPUKJIAJL 7. OGuucnutu iHTErpan

J‘ dx

4%° +25

Po3ze’azanna: 11lo6 nmpuBecTH 10 TAOIUYHOTO BUTIISNY,
BUHECEMO 4 3a AYXKKH, TIOTIM BUKOPHCTAEMO 5 BIACTUBICTH
HEBU3HA4YeHOro iHTerpana Tta 11 dopmyny i3 Ttabmumii

OCHOBHUX HEBU3HAYECHUX iHTerpaniB
dx

I4x +25 I(z 4j Ix “r(512)

16




_11 arctg X c-= 2 arctgﬁ+cziarctgg+c
45/2 5/2 4.5 5 10 5

IPUKJIAL 8. O6unciuTH iHTETpa I _dx

Ja—ox
Po36’a3annsa: Ananoriuydo npukiany 7 3a 9 gopmynorw i3
TaOIUI[I OCHOBHUX HEBU3HAUCHUX 1HTETPAIiB:

J‘ dx ZI dx ZI dx _
N 9(4_ zj 3273 —x*
9

X

=1arcsini+C =1arcsin3—X+C.
2/3 2

Po3é’sazannsn. Amnanoriuno mnpukiaagam 7 1 8 3a 12
dbopmynor0 13 TaOIMIll  OCHOBHHUX  HEBHU3HAUYCHHUX
IHTErpatiB:

J _I 5/2 =%J

1 nx—Js/—| . |fx f|
220572 |x+512| 4J_ |J_x+f|

MPUKJIA/ 10. O6uyuciuTy iHTErpat .[ —1
X°+ X+

Poss’aszauna: Buninumo B 3HAMEHHUKY TIOBHMU KBajpar i
BI/IKOPI/ICTaCMO 11 dopmymy 13 TabnuIll IHTETPaJIiB:

J‘ J- dx _J dx B
= =
X2+ x+1 ( +2X,1+1j_1+1 (X+1j2+ ﬁ
2 4 4 2 2
1 X+1/2 2 2x+1
= rct +C = —arct C-
\/_ rctg J_/Z @ang J§ +
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HPUKJIAJL 11. O6uucauTy IHTETpal J —4
4—x°—4x

Po36’a3annsa: Ananoriuno npukiany 10 3a 12 ¢opmynoro
13 TaOJIUIIl OCHOBHUX HeBI/I3HaquI/IX iHTerpaJIiB

dx
I4—x2—4x | (X2 +4x 4) _I (x* +2x- 2+4) 4-4

dx x+2 \/_|
(x+2)2—(\/_) ZJ_ x+2+\/_‘

OPUKJIAJ 12. OGunciaty inTerpan | ﬁ
X+

Poszsé’sazanna: Bunecemo 2 3a Jy)XKH, aHaJOTI4YHO
npukiaagaMm 10 1 11 BugiauMO B 3HAMEHHUKY TOBHUU
KBaJpaT, BUKOPHCTAEMO 5 BIACTHUBICTH HEBU3HAYEHOTO
iHTerpana Tta 12 Qopmyny 13 TabnMil  OCHOBHHUX
HEBU3HAYEHUX iHTerpaniB

-f2x -3x+1 -[ 1
)

-3yl
2 2
1 dx 1 dx B
-z = 2 =
2 (XZ—Z 3+9j—9+1 2 3y _(1
4 16) 16 2 4 4
x3_1
11 4 4l co X2 com|&=2.c.
2 2.4 |,_3,1 1 2%
4 4 2
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1.1.3.2 3amina 3MiHHOI (migcTAaHOBKA)

la. If(x)dx:jg(@(x))@’(x)dx: duu::qcﬁgigd
:Ig(u)du=G(u) u= \— ( X)

=olu);
16. f(x)dx = f(p
6 [ f(x)dx dx = o'(u)du j
=wac—\ =o' (x)|=H ( )
MMPUKJIAJL 1. OGuucnutu iHTErpan I del
Po3zs’sazanns:
dt
J- xdx  [t=4x"+1 dt=8xdx_ji_ dt
4x* +1 dt/8 = xdx
- ﬂ==—| |t|+c_—|n\4x +1+C.
T8l
MPUKJIAJL 2. OGuucnutu iHTErpan j Xox
J9-8x2
Po3zs’sazanns:
t=9-8x’ dt

.[ xdx =| dt = -16xdx =_[_—16_

V9-8x’ dt/(—16):xdx

1
2 C=-249-8x*+C.
I 16\/_ 16 I Vi 8
. arccos 3xdx
MMPUKJIIA 3. O0uucnutu iHTerpan | ————.
'[ \1-9x2
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t =arccos3x

Po3ze ’szauna: IM— dt =— 3dx | _ tit_
dt _ dx
-3 J1-9x?
2
:—lj‘tdt:—lt—+c:—larccosz3x+c.
3 32 6
3'
MMPUKJIA L 4. OGuucnutu iHTErpa _[ % :
+
t=In(3x+1)
3’ 3
Po3ze’sizanus: IM= dt = 3dx =J‘\/t_dt=
3x+1 3x+1 3
dt _ dx
3 3x+1
4/3 4/3 3104
=1j3/t'dt=1jt1’3dt:1t—+c=t—+C=—|n (3x+1) +C.
3 3 34/3 4 4

MPUKJIA 5. OGuucnury interpan [e” - xdx.

t=2x>-1
Po3é’sazanns: J.ezxs‘1 X2dx =| dt =6x%dx |= Jet % =
dt/6 = x*dx
1

ZEIetdt :%et +C :%ezx31+c _

arctg2x

dx .
1+4x?

MPUKJIIAJL 6. O6uucnutu iHTErpan _[
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t = arctg2x
arctg2x
Pose’azanns: € ~dx = dt:ix2 :J'etﬂz
1+4x 1+4x 2
dt _ dx
2 1+4%°

:—_[edt— el +C = Lemur ¢
2 2

t: X3 dt
, a
Po3e’sazanns: J. - 9dX= dt:3X2dX:J-t239:
X% + +
at_ x2dx
3

3

:—j dt :E-Earctgizlarctgx—+c.
33 9 3

37 +3 3

. dx
MPUKJIIAJL 8. OGuucnutu iHTErpan j —_—.
xy1-In® x

t=Inx

x\/1 In? x I\/l_t

=arcsint+C == arcsm(ln X)+C.

Po3ze ’azanus: f

MMPUKJIAL 9. O6uucnuTtyu iHTEerpan
J.sin3 2x-cos2x dx.

Pose’azanuns:
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t =sin 2x it 1
'[sin32x-0032x dx =| dt = 2cos 2x dx :Its—t:—jtsdt =
2 2

ﬂ =C0Ss 2x dx
4
:1~t—+C =lsin4 2x+C..
2 4
) dx
IMPUKJIAJL 10. OOuucnutu igrerpal | —————
a P I c0S? X4/1+ tgx
t=1+t
Po3ze’sa3annus: J. ox ' 3 : J. dt
. —_— = X = | —=
cos® xy/1+tgx | dt= = Jt

=2Jt+C=2/1+tgx+C.

MPUKJIAJ 11. 06 i f Sin V3x + 1dX
o YUCJIUTHU lHTel"pa.]'I \/7
3X+1

=/3x+1

Ism\/3x+1dx=d 3dx _
\/3x+1 2\/3x+

Po3s ’s3anns.

—%J’sintdt :—§c05t+c =—§cos\/3x+1+C )

. 2x- 1
MNPUKJIIAJL 12. OGuucIuTy iHTErpal J. ——0X.
\3X% +2

Po3zé’azannsa: Pozi6’emo iHTerpan Ha naBa. s oxHOro
3poOUMO 3aMiHy 3MIHHOI, APYTUH — TAOTUYHU.
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, o t=3x*+2 it/
(22 Xdx ~[dt=6xax |- [

dx
_I 2 _j ——=|dt= I
m V3P +2 73K +2 dt /3 = 2xdx vt
B S S S SR
et B g

X+ /x2+Z X+ fx2+Z
3 3

TMPHKJIAJL 13. O6uncim interpan [ ——>—>—dx.
3X“+2x-2
Poszé’sazanna:  BuginumMo B YHMCENBHUKY — HOXITHY

3HaMeHHHKa: (3X*+2X—2)'=6x+2. IIOMHOKMBIIM IIIO

_im +C.

2 1
+C==4/3x*+2—-—1In
Ne 3

B

. 2 .
noxiZHy Ha 1/3, oTpumaemMo BHpa3 2X +§ , TOMY BIJTHIMEMO

. . 2 . .
3alBl1 5 1 J01aMO -1:
1 2 1 5
2X-1=(6x+2)-=——— 1==(6x+2)——.
( ) 3 3( ) 3
ox- 1 :13(6x+2)—2
JA24dX= z—dXZ
3X“+2X-2 3X“+2Xx-2

Po3i6’emo inTerpan Ha nBa. s o1HOTO 3p0OMMO 3aMiHy
3MiHHOI, B JIPyrOMy B 3HaMEHHUKY BHUIUIMMO TOBHHM
KBaJIpaT 1 OTpUMAEMO TaOJIWYHUI 1HTeTpa

t—3x +2X— 2

:_J 6X+2
dt:(6x+2)dt

32 +2x—2 __j3X F2Xx—2
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|1=-=.= Inlt|
37t 337, 2 2
3 3
—gj 1dX1 1 2——In‘3x2+2x 2‘
XH2X- T4+ |- -2
3 9/ 9 3
5 dx 1 dx

:—In3x +2X— 2—— +C=
A I A
3 3 3
=—In‘3x +2X— 2‘ 3X+1 ﬁ|+C
6\/_ 3x+1+\/ﬂ
1.1.3.3 InTerpyBaHHs YaCTHHAMH
Teopis ‘ ITpukiann

Hexait U=U(X) j V=V(x) _ JIB1 HENepepBHI QyHKIIIT, AKi
MaloTh HEMepepBHI MOXiAH1, TOAI

judv:uv—jvdu

3acrocoByBaTH  IIeli  METOA  JOPEYHO,  KOJHU
migiHTerpanbHa (PYHKIIS MPEACTABICHA Y BUTIIAAI JOOYTKA
nBOX (YHKIIHA, OHAa 3 SKUX € anreOpaiuHor, a apyra
tpaHcienaentHa (quB. JlogaTok 1).
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Sx nmpaBuio 3a U BuOMparoTh QyHKIIIIO, [0 3HAXOIATH Y
SBHOMY  BUIJISOI, Ta  sIKa  CHOPOLIYEThCA  MICHS
mudepennitosanas. 3a 0V — wactuny fKka 3amuIIacTHCS TA
3aJI0BOJIBHSIE TAKAM yMOBaM: BOHAa MICTHTh dX, BOHa

inTerpoBana. dynknito V sAK oAHYy 3 TEpBICHUX IdV

(TTOKJIaBIITN CcC=0 ). [rHoM1 METON HEOOX1IHO
3aCTOCOBYBATH JICKiJIbKa pasiB.

TUnoBUMHM 3aCTOCYBaHHSAMH METOAY I1HTETpyBaHHS
YaCTHHAMM € HACTYITHI BUIAJIKH:

1. an(x)eade, eyt
x2+e¥dx=|
IP" (x)a™dx, '[( ) dv =e*dx|’
[ P.(9sinbxax, s
[(x+3)-4%dx= “
IPn(x)cosbxdx, dv = 4*dx
[ P.(x)chbxdx, i
X
2dx =
jP“(X)Sh bxdx, IXCOSZ X dV=COS§dx ’
1
[P0 3
J- Ixssin4xdx=zzx_ il
P(X) 2 v =sin 4xdx
bx
ne P,(X) - muorounen. X u=x
3a U cmig y3atu P, (X): Icoszx X= dv = d>§
cos? X
u="FR(x).
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Teopis

[Ipuknagn

2. I P, (x) In xdx, f P (x)arcsinbxdx,
J' P, (x)arccosbx dx ,
I P (x)arctgbxdx,
j P, (x)arcctgbx dx |
j P,(x)arshbxdx, _[ P, (x)archbxdx,
j P, (x)arthbx dx, j P, (x)arcth bx dx.

arth x,
00epHEHUMU

arshx, archx,

Ha3uBalOTh

OyHKITIT
arcth x
rinepOoIiYHUME (YHKITISIMU.

3a u cimpg B3gtA In x, arcsin bx,
arccosbx, arctg bx, arcctg bx, arsh bx,

arch bx, arth bx, arcth bx BimmoBizHO.

jxln(x+1)dx =
u=In(x+1)
dv = xdx

jarcsin 2xdx =

U =arcsin 2x
dv = dx

j X arctg3xdx =
u = arctg3x
dv = xdx

3. [e™sinbxdx, [e” cosbxdx,

Isin Inaxdx, jcos Inaxdx

VY nepiomy Ta Apyromy iHTerpajiax
3a U MO>KHA B3SITH Oy/b-SIKY 3 IBOX
GyHKIIH: TOKa3HUKOBY YU TPUTOHO-
METPUUHY. Y TPETbOMY Ta YETBEP-
ToMy 3a U Gepernca Sinlnax a6o

Iezx sin3xdx =

u :e2x
dv =sin3x dx
abo
u =sin3x

dv = e*dx
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cos In ax BiIIIOBiTHO. Micas jcos In 2x dx =
JIBOKPATHOTO IHTerpyBaHHs
YacTUHAMHU  OJICP)KYEMO  DIBHSHHS | _
BIJIHOCHO IITYKaHOTO iHTerpaa.

U =cos In2x
dv = dx

[Tpuknaaun

MHMPUKJIAL 1. O6unciuTH iHTETpaI '[ (x+1) e**dx.

Po3é’aszanna: Iarerpan  BigHOCUTBCS a0 1 THIy
IHTErpYBaHHS YaCTHHAMU, TOMY
u=x+1 du=dx
j(x+1)e2xdx = 1 ., |=
dv=e®dx v= .[ezxdx = Eezx

11,

1 2X 1 2X 1 2X
=(X+1)-—e”" —|=e“dx==(x+1)e”" —=-=e+C =
(x+1) 2 J.Z 2( ) 2 2

=1(x+1)e2X _lengc,
2 4

IMPUKJIAJ 2. OGuucauTH iHTerpal I x* cos xdx .

Posé’sazannsn:  IHTerpan  BigHOCHTBCA g0 1 THIY
IHTErpyBaHHS YaCTUHAMHU, TOMY

_[ , ; u=x? du = 2xdx
x% cos xdx =

dv = cos xdx V:Jcosxdx =sin X
=x%-sin x—J.sinx-Zxdx: x2-sin x—ijsin xdx =

u=x du =dx

dv = sin xdx v=_[sin XdX = —Ccos X
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=x?-sin x—2(x-(—cos x)—_[(—cosx)dx) =x?-sinx—
—2(—xcosx+jcos xdx) = x?sin X—2(—xcosx+sinx)+C =

=x%sin X+ 2xcos x—2sin x+C..

MMPUKJIAL 3. O6uucauTH 1HTETpas J(X +3) 4% dx.

Po3é’azanna: Iarerpan  BigHOcUThCS a0 1 THIy
IHTErpYBaHHS YaCTHHAMH, TOMY
u=x+3 du=dx

[(x+3) 4 dx = 1 42 |=

dv = 4%*dx V:J42XdX=—-
2 In4
1 4% 1 4% OIX_42X(x+3)_ 1 _
2 Ind 2 In4 2In4 2In4

2X 2X 2X 2X
=4 (x+3)_ 1 _3'4 +C=4 (x+3)_ 42 N
2In4 2In4 2 In4 2In4 4In“4

I42de:

MMPUKJIAL 4. O6unciuTH 1HTETpaA J. xsin(3x —2)dx .

Pozé’azanna: Iaterpan  BigHOCcUTBhCS a0 1 THIy
IHTerpyBaHHS YaCTHHAMH, TOMY

Uu=x du = dX
[ xsin(3x - 2)dx =| dv =sin(3x - 2)dx =

V= Isin(3x —2)dx = —%COS(3X -2)

= x-(—%cos@x—Z)J—j(—écos(sx— 2)jdx =

1 1 1
=—=-XCc0S(3Xx—2)+=]cos(3x—2)dx =—=xcos(3x—2) +
5 XCOS(3X—2)+ 2 [ cos(3x — 2)dx =~ xcos(3x~2)
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+1-Esin(3x—2)+C = —lxcos(3x—2)+lsin(3x—2)+C .
33 3 9

MNPUKJIIAJL 5. OOuucnutu iHTErpai J' XSIn3XdX .
C0S” 2X
Pose’sazanns. lTloxmagemo u=x, dv= il >;dx. Tomi
cos® X
du =dx,
o t =cos x g
sin xdx ) t
v=_[—3= dt = —sin xdx =—I—3=—It‘3dt=
coSs” X i t
—dt = sin xdx
L
-2 2t* 2cos’x
A Tomy,
Xsin xdx X dx X 1
= — = ——tgx+C.
I cos®x  2cos® x j2coszx 2cos’° X 2 g

MPUKJIIAJL 6. O6uucnutu iHTErpan I In xdx .

Po3é’sazannsn.  IHTETpan  BIAHOCHTBCA JO 2 THUIY
IHTErpyBaHHS YaCTUHAMHU, TOMY

u=Inx du:ldx 1
In xdx = X :Inx-x—.[x'—dx:
X

dv =dx v:jdx:x

=XxlIn x—jdx:xlnx—x+C.
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IPUKJIAL 7. O6uncnuTH iHTETpaj I arcsin xdx .

Posé’aszannsa: IHTeTpan  BIAHOCHTBCA JO 2 THUILY
IHTErpyBaHHS YaCTHHAMU, TOMY

) dx
u=arcsinx du=

. [ 2 .
I&I’CSII’] Xdx = 1-x =arcsin Xx-xXx—

dv = dx V=IdX=X

_IX' dx |t=1-x* dt=-2xdx
J1—x2 dt/(-2) = xdx
dt/(=2) 1dt 1
- — xarcsin X+ = [ — = xarcsinx+=-2Jt +C =
.[ \/f 2.[\/»; 2

= xarcsin X ++1—x> +C..

MMPUKJIAL 8. O6unciuTH iHTETpaI J' arctg2xdx .

Po3é’aszanna: Iaterpan  BIAHOCUTBCS O 2 THUIY
IHTETpyBaHHS YaCTUHAMH, TOMY

= xarcsin x —

u=arctg2x du= 2dx

I arctg2xdx = 1+4x* | = arctg2x - x—
dv = dx V=jdX=x
o t=1+4x° ;
_IX' Xz: dt = 8xdx :xarctgzx—l at_
1+4x 231
dt/4 =2xdx

= xarctg2x—%ln|t|+C = xarcthx—%ln‘1+4x2‘+C _
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xarcsin xdx

J1-x?

xdx
J1-x° .
I xdx tzl—x2 dt =—2xdx|

J1—x? dt/(-2) = xdx
:—%J‘%:—E-Z\/t_:—\/l—xz . A Tomy,
xaresinxdx . o\ (. q_wz)_ 9X
J'W_arcsmx( J1-x ) I( \/1 X )\/1_7_
= —+/1—x? arcsin X+JdX =—+J1-x%arcsinx+ x+C .

TPUKJIAJ 10. O6uncmury interpan [ e sinxdx.

MMPUKJIIAL 9. O6unciuTH iHTETpa j

Po3ze’sizannsa: Iloxknanemo u=arcsinx, dv=

Tomi du =

Posé’sazannsn. IHTETpan  BIAHOCHTBCA JO 3 THUIY
IHTEeTpyBaHHS YaCTUHAMH, TOMY

U= e2x+1 dU — 2e2x+1dx

fez“lsin xdx = _ _ -
dv=sinxdx v= Ism Xdx = —Cos X

e (—cosx) — I( cos X) - 2e**'dx =—e**** cos x +
U= e2x+l dU — 282x+1dx

+2'fe2X+1 COS Xdx = =
dv=cosxdx v= Icos Xdx =sin x

=—e>"1 cos X + 2(e2X+l sin X — jsin X - 2e2x+1dx) =

=—e>cosx + 27 sinx — 4] > sin xdx.
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Jlani npupiBHIOEMO MOYATKOBUI BHpa3 JO OCTaHHBOI'O
oTpuMaHoro. OTpuMaeMo piBHSHHS, B SIKOMY HEBIJOMUM €
IIyKaHWUW 1HTeTpal.

_[ezx+l sin xdx = —e**** cos x + 2e**™ sin x — 4_|'e2X+l

sin xdx.

2x+1

SJ.eZX*lsm xdx = —e#** cos x + 2e** sin x .

] 1 2 ]
J'ez“lsm xdx = —gez“l cosx+ge2“1sm X+C.

1.1.4 InTerpyBaHHsl panioHaJbHHUX APoO0OiB

Teopis

Hexaii Tpeba oOUMCIUTH IHTETpasa BiJ parioHAIHLHOTO

J-Pn(x) dX:J-AOx +A1x”1+ A g
Q,, (%) ByX" +B X" +...+B_

Tpo0y:

Sxmo napid HempaBWIBHMM (CTEMiHb YHCEIbHUKA
Oinbiie abo JOpIBHIOE CTEMEHI 3HAMEHHWKA), TO HOro
HEOOXI1/IHO MPEJICTaBUTH Y BUIJISIAI CYMH I1JIOT YACTUHHU 1
MPaBUIILHOTO pallioHadbHOTO po0y. st 1IboT0 HEOOX1HO
PO3IUTNTH YUCEITFHUK Ha 3HAMCHHUK.

3

MMPUKJIA . O6uncauTu iHTETpa I—dx .
X +2x+1
Po3ze’sazanna.  Jpio ﬁ —  HeNpaBWJIbHHUI
e x> +2x+1 P

(creminp yncenbHUKA 4 OUIBINIE CTENIEHI 3HAMEHHHKA 2).
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Buainumo iy gacTusy.
X0+ 0-x°+ 0-x=3 [x*+2x+1

x*+2x° + x? X2 —2%+3
_=2x*=x*+0-x-3
—2x° —4x* - 2x
_3x*+2x-3
3x* +6x+3
—4X—-6
Tomy HenpaBuibHUN Jpi0 MOXKHA TPEACTABUTH Y
4_ —_— —
BUTJISTI 2)(—3:x2—2x+3+z4x—6.
X +2x+1 X +2x+1
TobTo,
4
IX—3dx _[xzdx 2[xdx+3jdx+j4x—6dx=
X +2x+1 X +2x+1
3 3 2
:X——Z— 2-[(2x+2)+1 —X——2—+3x—
3 X°+2x+1 3 2
=xt+2x+1 | X X
,f (2x+2) ZJ dx 2=t X2+ 2X+ :X——ZX—+3x—
X2 +2x+1 (Xx+1)° |dt=(2x+2)dx| 3 2

3
—2jﬂ—2[—ijzx——x2+3x—2|n|t|+i+cz
X+1 3 X+1
3

:X——x2+3x—2|n|x2+2x+1|+i+c.
3 x+1

Sxmo npi6 mpaBUIBHUI (CTEMiIHb YUCEIHHUKA MEHIIE
CTeTIeHI 3HaMEHHHKA), TO HOro HeoOXiTHO PO3KIACTH Ha
CyMy HaWmpocTimux apo0iB. Tum HaWmpocTimmx ApoOiB
BU3HAYA€THCS KOpPEeHsAMHU 3HaMeHHuKa Q, (X) . Tyt MoxuBi

TaKl BUITAJKU:
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a) Kopeni 3HamMeHHUKA JIHCHI ¥ pi3Hi, TOOTO
Qn(X) =(x—a)(x=h)-...-(x—c).
VY upoMmy pasi mpaBUIIbHUNM JApi0 PO3KIIAA€ThCS Ha
HaWmpocTim apooi:
P(X) A B D
= + ot :
Qu(x) (x-a) (x-b) (x-c)
0) Kopeni 3HameHHWKa JiiCHI, aje JAesIKi 3 HHUX
KpaTHi:

Q,(X)=(x—-a)*-(x=b)"...(x—c)".

VY upoMmy pasi mpaBUIBHUM ApIO PO3KIIANAEThCS Ha
HaWmpocTim apooi:

PO__A B __C D |
Q(x) (x-a)* (x-a)*' (x-a) (x—b)’
E F G H G

+ R + + — ..+ .
(x—Db) (x=b) (x-c)" (x—c)" (x—c)
B) Cepen KOpEHIB 3HAMEHHHMKAa € KOMIUIEKCHO-
CHPSDKEHI:
Q(X) = (X* + px+Qq)...(x* + kx +Db) .

VY oMy pasi npaBUIIbHUIN Opi0 PO3KIANAETHCS HA

HainpocrTimii 1po6i:
P.(x) Ax+B Cx+D
= ot :
Q,(x) X+ px+q x* +kx+b

MMPUKJIAL 1. O6uncnutH iHTETpa
i ax*-13x+7
(x*> —5x+6)(x +1)
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Po36’a3anns: 3naiiieMo KOpeHi 3HaMeHHUKA 1 PO3KJIaIeMO
3HAMEHHHUK Ha MHOKHUKU:

(x> =5x+6)(x+1) =0,
x> —=5x+6=0 abo x+1=0
D=1
X, =2, X,=3 X, =-1
Otrxe, (X —5x+6)(x+1) =(x—2)(x—=3)(x+1) .
OTpumanu BHUMAAOK, KOJIW BCl KOpEeHI MIHCHI W Ppi3Hi,
TOMY
4* -13x+7 A . B _C _
(X* =5x+6)(x+1) x-2 x-3 x+1
_ A(X=3)(x+1) +B(x-2)(x+1)+C(x—-2)(x—-3)
- (x—2)(x—3)(x+1) '
[TpupiBHIOEMO YHCETbHUKH:
4x% —13x+7 = A(X—3)(X+1) + B(x — 2)(x +1) +
+C(x=2)(x-3)
3nanigemo A, B, ta C:
x=2|-3A=-3 A=1
x=3| 4B=4 , B=1,
x=-112C=24 C=2

4x% —13x+7 dx dx 2dx
| o[ 2 [ [ 2
(x=2)(x-3)(x+1) X—2 *x-3 ‘x+1
=In|x—2|+In|x—3/+2In|x+1]+C.

3 2
MPUKJIIAJ 2. O0uyucnutu iHTErpa . I X( * 4)2()3? 5XI)8
X+ X—

Po36’a3anna: 3nalineMo KopeHi 3HaMeHHHUKA:
(x+2)%(x-1) =0,
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(x+2)*=0 abo x—1=0,
X5 =2, X, =1.

OTpumanu BUITQJIOK, KOJIM BCl KOPEH1 JIHCHI, € KpaTHi,
TOMY

x> +4x* +5x+8 A B C D
= + + - =
(x+2°%(x-1) (x+2)° (x+2)* x+2 x-1
_AX=D)+B(x+2)(x-1) +C(x+2)*(x—1) + D(x+2)°
- (x+2)°(x—1) '
IIpUpiBHIOEMO YHCENEHHUKH:
x> +4x% +5x+8= A(x—1)+ B(x+2)(x—-1) +
+C(X+2)°(x—-1) + D(x+2)*
3aaiinemo A, B, C ta D:

X=-2 -3A=6

x=1 27D =18

x=0 |-A-2B-4C+8D =8’

x=-1-2A-2B-2C+D=6

A=-2 A=-2

D=18/27=2/3 D=2/3
—(-2)-2B-4C+8-(2/3)=8" |-2B-4C=2/3’
—2-(-2)-2B-2C+(2/3)=6 |-2B-2C=4/3

BigHiMeMo Bijf 4€TBEPTOTO TPETE PIBHIHHS:

A=-2 A=-2 A=-2
D=2/3 D=2/3 |D=2/3
Cc=1/3 "|Cc=1/3"|C=1/3°

—2B-4-(1/3)=2/3 |-2B=2 | B=-1
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J-x3 +4x° +5x+8d —2dx —1dx I(l/B)dX

x12°x=D) A xx2P dxa2? 3 xx2
(2/3)dx 1pdx 20 dx
¢ v (AL I(x+2) M IR e

-2 X+2

__1 ~+ +1In|x+2|+gln|x—]4+c.
(x+2)° x+2 3 3

-2
2 (- e Bt 2t -

dx

(X+D(x*+1)

Po36’a3anna: 3naiineMo KOpeHi 3HaMEeHHUKA:

(x+1)(x*+1) =0,
X+1=0 abo x*+1=0,
x=-1 a6o Xx* =-1 (milicCHMX KOPEHiB HE Mac).

OTpumManu BUIAI0K, KOJH cepe/l KOPEHIB 3HAMEHHUKA €

KOMIUIEKCHO-CIIPSIKEH1, TOMY

1 A . Bx+C A(X*+1)+(Bx+C)(x+1)
(X+D(x*+1) x+1 x*+1 (X+1)(x* +1)
[TpupiBHIOEMO YUCEIIbHUKHU:
1= A(X* +1) +(Bx+C)(x+1),
Ax®+ A+Bx? +Bx+Cx+C =1,
(A+B)X* +(B+C)x+A+C =1.
3naiinemo A, B, C Ta D, nmpupiBHsABIIN KOe(illiEHTH
TepeJt OTHAKOBUMH CTEIIEHSIMH 3MiHHO:
X*|A+B=0 A=-B A=-B A=1/2
x |B+C=0,¢B+C=0,B=-C, {B=-1/2.
x’A+C=1 |-B+C=1 |2C=1 C=1/2

MMPUKJIAJ 3. OCuucnutu iHTerpa . J.
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| dx _I1/2 dx+j( 1/2)><+(1/2)OI _

X+D(x*+1) < x+1 x* +1
t=x"+1
_ J' J' x+1_|'g—xz dt = 2xdx |=
x+1 29x2+1 29 x°+1
dt/2 = xdx
:%In| ]4—— 2 %arctgx_—ln|x+1|——ln|t|+

+£arctgx+C = —In|x +1|——In‘x2 +1‘+—arctgx+C .
2 2 4 2

1.1.5 InTerpyBaHHs TPUTOHOMETPUYHHUX PyHKIIH

Dopmynu
la. [ sin ax cosbx dx :%j (sin( a+b)x +sin( a—b)x)dx =
16 1
[ cosax cosbx dx :E-[ (cos(a + b)x + cos(a—b)x)dx =
1s [ sin ax sin bx dx =%J‘ (cos(a—b)x —cos(a +b)x)dx =
2a J.sin”’*lax cos™ ax dx:fsinz"ax cos™ ax sinax dx =
u=cosax; du=-asinax dx;
| sinax=1-u? -
26 J'cosz'”l

ax sin™ ax dx =j cos?? ax sin™ ax cosax dx =

u=sinax; du=acosax dx;

cos?ax =1-u?
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2B

. 5 1-cos2ax
sinfax=——"":
2
: 1+ cos2ax
Ism” ax cos?® ax dx =|cos® ax:T; -
. sin 2ax
sinax-cosax =
2r
in2P 2p
sinP ax cos-? ax
_[2— dx, Iz— dx,
cos” ax sin“% ax
sin®?ax cos®ax 7 sin?** ax cos?** ax
1 1 du
u=tgax; x==-arctgu; dx =———;
3amiHa a al+u
sinax = u ; coSax = 1
1+u® Ji+u?
3.
1
u = tgax; x =—arctgu;
jtgmaxdx= a _
1 du
dx== 5
al+u
1
U = ctgax; x =—arcctgu;
jctgmaxdx: a _
1 du
dx=—=— >
al+u
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ax 2
u=tg—; x=—arctg u;
2 a
jR(sinax, cosax)dx = dx=g duz; =
al+u
. u 1-u?
sinax = ~; cosax = .
u 1+u

1
u=tgax; x==arctgu;
a

zldu_

dx =
-, ) . al+u
jR(sm ax, cos ax,smax-cosax) dx = -

. u
SInax =

MPUKJIAJL 1. O6uucnutu iHTErpan
jsin 5x-sin7xdx.

Posé’sazanna: Bukopucraemo ¢opmyny 1B, moTim
p03i0’eMO IHTErpaa Ha JBa, KOKCH 3 SIKUX TaOIWIHUI
1 BUKOPUCTAEMO MAPHICTh KOCHHYCa COS(—X) = COS X :

jsin5x~sin7x dx:%I(cos(5—7)x—cos(5+7)x) dx =

= %J.(cos(—z) X—c0s12x) dx = %J'cos 2xdx —%ICOSledX =

:l-lsin ZX—E-isin12x+C :lsin 2x—isin12x+C .
2 2 2 12 4 24
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MPUKJIAL 2. OGUuCIUTH 1HTETpAI _[sinz 3x dx

Po3s’a3annsa. BukopuctaeMo BUNIAJI0K 2B:
G2 3% _1- cos3x| .[1 cos 3X

= dx =
2 2 | 2

jsm —dx

:—jdx——fcosBxdx:lx—l-lsin3x+c:
2 2 2 2 3
=lx—lsin3x+c.
2 6

MMPUKJIAJL 3. O6uucauTu iHTEeTpa '[ sin® 2x-cos’® 2x dx .

Po3ss’sa3anna: BukopuctaeMo BUNIAJOK 2B:

. R 2
SiN2X-C0S2X = S|n4x|zj[sm4x] dx =
2 | 2

jsin2 2X-c0s% 2x dx =

IS'n 4X _ljsin24xdx:sin24x:w=
4 2
ljwdx=EJ-dX—EJ.COSSXdX=EX—E'ESiHSX-i-C=
8 8 8 8 8

:lx—isin8x+C.
8 64

MPUKJIA 4. OGuucIuTH iHTErpa . Isin3 2x-cos® 2x dx .

Poss’azauna: Y cuHyca crTemiHb HemapHa, TOMY BHU-
KOpHUCTAEMO BUMAJOK 2a:

I sin® 2x-cos® 2xdx = j sin? 2x cos® 2x sin2x dx =
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pdu

u=cos2x; du=-2sin2x dx; )
=j(1—u )-u

| sin?2x=1-u?
_ 1 2\ 84 1 8 10 _ 1¢ ¢ 1¢ 10 _
——Ej(l—u )-u dU——Ej(u —-u )du——zju du+EIu du =
1u® 1u® cos’2x cos™ 2x

- + +C.

+C=—-
29 211 18 22

. cos® 3x
MMPUKJIAJL 5. O6uucauTH iHTErpa . I
\sin 3x

Poszé’sazanna: Y kocuHyca cTeniHb HemapHa, TOMY BH-
KOPHUCTAEMO BHUIIAI0K 20:
cos® 3x cos? 3x - oS 3x
[0S 8 g _ cos"xcosdx g
\/sin3x \Jsin3x
Icoszsx.cos3xd u=sin3x; du=23cos3x dx;
= —(O0X =
\/sin 3x cos? 3x =1—u?
_t(@-u®)-(du/3) 1;du udu 1 L1 oamy
=] 7 —‘f J =5 2u-Z udu=

2 1u5/2
:—\/J———+C = \/S|n3x——\/sm 3x+C.

IMPUKJIAZL 6. OGuuCIUTH IHTETpal . J' ﬁ
sin? 3x-cos* 3x

Po3ss’sa3anna: BukopuctaeMo BUNIAJOK 2T

1 1
u=tg3x; x==arctgu; dx == :
g 3 g 3 2

IL— =
- 2 4 - -
sin®3x-cos*3x |goa U ioea, o 1

N V1+u®
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1 du du
=J‘ 31+u? _}J‘ 1+u? _
u? 1

u ’ 1 3 )
J1+u? . J1+u? L+u® (L+u)’

:lj' (L+u®)(1+u?)? du ZEJ' (L+u®)? du :ljl+ 2u® +u*
2

du=
u®(1+u?)
1¢(1 2u* u* )
EJ.(U—Z'F?'FU—Zde 25 — —J.du+ J-U du =
3 3
=}(—lj+gu+1u—+0=— ! +ztg3x+@+c.
3L u) 3 33 3tg3x 3 9

MMPUKJIAJ 7. O6uucnuTy iHTEerpai . jtg3xdx.

Po3ss’sa3anna: BukopuctaeMo BUNAI0K 3:

u =tgx; x=arctgu; .
du u“du
tg°xdx = =|u? =|—==
Ig dx=d—u2 I 1+u? J‘1+u2
1+u
3
pi6 1 — HENpaBUJIbHUN (CTEMiHb YHCENbHUKA 3
Olsblle CTEeNeHl 3HaMeHHUKa 2). Buainmumo iy yacTuny.
_ul u®+1
u®+u u
udu [t=u®+1| u® 1dt
—j(u+ jd judu j ——z|—=
u?+1 Wl |dt=2udu| 2 20t
u2

2
:——lln|t|+C=u——1In‘u2+1‘+C tg—x—lln‘tg x+1‘+C
2 2 2 2 2
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MPUKJIAJL 8. OGuucInTH iHTErpa . IHL-'
+ ZCOS X —SIN X

Po36’a3anna’ Bukopucraemo Bumnaaox 4:

u :tgg; X = 2arctg u;

dx 2du
‘[ - = dX: 7 =
3+2C0S X—Ssin X 1+u
. 2u —u®
SiNX=——,CoSX = 5
1+u 1+u
2du 2du
:I 1+u’ :I 1+u’ _
1-u®>  2u 3(1+u?)+2(1-u?)-2u
3+2 5= 5 5
1+u® 1+u 1+u

_J- 2du _2J' du _ZJ' du _
3+3u®+2-2u®-2u u’—2u+5 (U*-2u++4

X
B tg -1
=2J‘*=2-larctgu—l+C=amtg 2_.c.
u-1°+2 2 2 2

TPAKJIAJL 9. O6uuciuty interpar . | ypeer dX5 o
sin? 2x—5c0s 2x

Po36’a3anna’: Bukopuctaemo BUMAI0K S:

u=tg2x; x=1arctgu;dx=1 duz;
j dx 2 21+u

4sin? 2x—5C0s? 2X sin2x= U cos2x = 1
1+u? Ji+u?
1 du du
=J' 21+u? =lj 1+u®  _
4u? 5

2 2
4 u 5 1 2 -
) Cer) e e
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Z‘I du 1 1 lu-V574|

5 2 4d (54 82574 u+\/5/4‘
2, [tg2x- (J_/2)| Lo b |2tg2x- J_|
16\/_ tg2x+(f/2)\ 8\/_ 2tg2x+ﬂ

1.1.6 InTerpyBanHs ippanioHaJdbHUX QyHKIiHA

1.1.6.1 InTerpyBanHs JiHiHHUX ippanioHaAJbHOCTEH

1. x=u";
IR(X,X"‘l,xf‘Z,...,x“k)dx: dx =nu"*du;|> A€ N —
u=x"
HallMEHIINH CMIUIbHUN 3HAMEHHHK JpOOiB
Oy, Olyyeeny Oy

[ R(x(ax+b)", (ax+b)* ..., (ax+b)"™ ) dx =

n. _1 n_
ax+b=u ,x_a(u b)

dx:g u"tdu; u :(ax+b)]/n

7€ N — HaMEHIIUH CIUTHbHUN 3HAMEHHUK JpO0iB
Olyy Oy, ey Oy

(ax+bj“1 (ax+bj°‘Z (ax+bj“k
IR X, , ey | —— dx =
cx+d cx+d cx+d
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ax+b b—du"
U, X=Eom——
cx+d cu"—-a

’ )
b—du"
dX = n— dU
cu"—-a
Jie N — HaWMEHIIIUK CIUIPHUI 3HAMEHHUK JIpo0iB
Olyy Oy yeeny Oy

J'R(x,\/ax2+bx+c)dx

[TincranoBku Eitnepa:
a) Ko ax’ +bx+c Mae ailicHi KopeHi X, X,, TOOTO
ax® +bx+c=a(x—x)(x—-X,), Toxi MOYKHA
BUKOPHUCTATH OJHY 3 HACTYITHUX IiJICTAHOBOK:
Vax? +bx+c =u(x-x) ab0 vax®+bx+c =u(x-x,);
0) sKkmo ax’+bx+C He Mae AIMCHUX KOpEHIB i
a>0, ToJll BUKOPHCTOBYIOTH IIJICTAHOBKY

Jax? +bx+c = +xa+u.
3Bigcu ax® +bx+c =u?+2ux/a +ax?,
u?-c
b$2u\/5
u’—c
aTomy, Vax’? +bx+c =+xJa+u=+———=a+u.
b+2u\/5

B) AKIIO ax’ +bx+C He Mae ailicHuX KopeHiB i a<0
c >0, To/1l BUKOPUCTOBYIOTh MiICTAHOBKY

Jax? +bx+c =xu++/c.

TOOTO X =
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jxm(a+bx“)f’dx,
ne a, b — miiicHi uKcna; m, N, p — paioHaIbHI
qucia:

a) AKIO P — ILiJIe YHCIIO, TO MiJCTAHOBKA X = U,
ne k — HaliMeHIINi CIiIbHUN 3HAMEHHUK JApO0iB
min,;

0) sxmo (Mm+1)/n — miJie Yucio, TO MiJCTaHOBKA
a+bx" =u®, ne s — 3HAMEHHUK JIpobi P ;

B) skmo (m+1)/n+p — 1€ 4YHCIO, TO
mijacTtaHoBka a+bx" =x"u’, me S — 3HaMEHHHK
Jpo01 p .

MMPUKJIA 1. O6uucauTu iHTETpa I \/_L
(x+3)

Po3ss’sa3anna: Bukopuctaemo BUnajgox 1:

d x=u d d
J.—X: dx = 2udu; :J. 2L21 u :ZJ. 2U =
JX(x+3) - u@?+3) Ju?+3

22_[ du u 2 «/;

—u2+(\/§)2 \/_arctg\/§ \/garctg$+c.

MPUKJIA ] 2. O6G4ucanTy iHTErpa . J' VX+2 dx
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Po36’a3anna’ Bukopucraemo BUMaIoK 2:

Jx+2dx [X+2=u®; x=u’-2 u-2udu u?
J = Y2 =J‘ > =2J. > du:
X—3 dx=2udu; u=(x+2) u’-2-3 u?-5

(u*=5)+5
=2 —d =2|du+10
j u j u+ j (\[_)
/5 +C=2Ux+2+~5In|———= /X+2 -5

=2u+10-
u+\/_ X+2+

ZI

HNPUKJIA 3. O6uucanTu iHTETpa j <X ! (X +j/_i)dx
X(1+3/x

Po3ze’asanna: Buxopucraemo Bumajaok |. 3HaMEHHHMKHU

CTerneHiB — 2 Ta 3, HalMEHIIIe CIJIbHE KpaTHE — 6, TOMY:

(x+ x+§/x_2)dx_ ;(:_u;; | (u6+\/u_6+\3/W)6u5du_
x(1+3/;) S| _'[ u6(1+3/u_5) B

u=x¥
u +us ) udu (u6+u3+u4)du
- I 1+u) - I u(1+u2) -
uz)du

u +u 1
- - 31— _
_6I 1+u? _Gj(u + u? +1j U=

: 3(%x)
:6(%+u—arctguj+C: +68/x —6arctg¥/x +C =

2

3/y2
= 3\/2X_+6\6/§—6arctgi‘/§+c .
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MPUKJIAJL 4. OGuucauTH iHTETpa | dx :

(x—1)(x+2)5 X2
x-1
Po36’a3anna’ Bukopucraemo Bumnaaox 3:
X+2 4. 2+u’
—=u"; X=—
x-1 u' -1
3 4 1\ _ 3 4
dx=4u (u 1)4 4u2(2+u )du=
dx _ (u-1) _
X+2 4u’ —4u® -8u’ - 4u’ -
X—l 2 4 = d =
(X=1)(x+2) x—1 U —1)?
120t
(u*-1)°
_ 3
412u > du
_I (u'-1) _
4 4
2;|-u 1 2ju 5]y
u' -1 u' -1
u’® u®
(u* -1 (u* -1)? udu
-12 =-12 =— =
j 3 au -[ ou® '[9u5
ut-1 u*-1 (u* -1)?
:_ﬂ d_g:_ﬂ(_lj+czi+czﬂ4 X 1+C
37u 3L u 3u X+2

MPUKJIIAA 5. O6uuciuTh iHTErpat I &<
X+X% +X+1

Poss’azannsa: Bukopucraemo Bunanok 40 (3Hak odepemo,
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HANPUKIAJ, IUIIOC), TOMY 10 X° +X+1 IificHMX KOpeHiB

Hemac1 a=1>0:
X+ x+1=xJ1+u.

3BigcH X°+ X+1=u?+2ux+ Xx?,

2

u--1
TOOTO X = , aToMy,
1-2u

N u’-1 u’-1+u(l-2u) -u’*+u-1
X“+X+l=x+u= +U= = .
1-2u 1-2u 1-2u

3Haiinemo dx:

2 2 2
dx‘[f 2 Jd Lo 2u-20) - (W -1)(=2) | —2u% +2u -2
u

(1-2u)® (1-2u)®

[TimcTaBUMO BCe 3HaAMACHE B iIHTErpaI:

—2u?+2u-— 2du —2u%+2u-2
J' - 2u) _J' (1-2u)® _
u? —l —u’+u-1 JuP-1-u*+u-1

1- 2u 1-2u 1-2u

J

x+\/x +X+1

_ J- (=2u® +2u 2—2)(1—2u) du— I (=2u” +2u—2) du—
@1-2u)*(u-2) @-2u)(u-2)
B —2u2+2u—2 I2u —2u+2
—2u2+5u—2 2u —5u+2
[lin iHTerpajsoM OTpUMald HEMpaBWIbHUI Ipi0,
BHJIUTUMO 17Ty YaCTUHY, TO/I

2u° —2u+2 3udu
-[2u2—5u+2 _-[[ 5u+2)du _[du J.2u —5u+2
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3 udu 3 udu

=U+—|———=U+—| ———— =
2juz_5u+1 Zj[u;j(UZ)
A(u—2)+B(u—1j
u A 2

1 T 1
(u—zj(u—Z) U_E u-2 (U—Z)(U—Z)
A(u—2)+B(u—%)=u

u=2 | (3/2B=2 B=4/3
u=1/2—(3/2)A:1/2 A=-1/3

=U+— j :u+§I( —1/3 +£jdu=
—u+1 2 \u-1/2 u-2
2

- __J' du =u—llnu—1+2In|u—2|+C=
u— 1/2 u-—2 2 2

+

=\/x2+x+1—x—%ln \/x2+x+1—x—%
+2In‘\/x2+x+1—x—2 +C.

IPUKJIALL 6. OGunciuTy iHTerpal | TdX.

Po3se ’szanns:

I ; il{/Q_Jrldx = _[ x_% A+ x%)%dx =
X

1 1 1
m=—=,n==, p==
2 4 3‘

Bukopucrtaemo Bumnamnok 56, Tomy mo (m+1)/n=2 —
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1IlJIE YHCJIO, TOI M1ICTAHOBKA:
1

1+x4=u®, x=@U*-1)*, dx=4(u*-1)>* 3u’du.
[lincraBuMO BCe B IHTETpa:

js\/4(u3_1)4 +1 244 _12J'\/ l+

u® —1)°u’du 4
(-

A(U® -1)%-3u

7 4
12w =Ddu =12[ (W —u¥)du =12| - |ic =
Jueu® —1ydu =12] (u° -u°) (7 2

12\/ X+1 —\/ x+1) +C.

MMPUKJAA 7. O0uucnuTu iHTErpaAl | — F7me=.
a P '[ x* 1+ X2

Po3zs ’sizanns:

_[ dx _
x* 1+ x?
Bukopucraemo BHUIIAJI0K 5B, TOMY 111 (0)

(m+1)/n+ p=-2 — 1ijie YUCII0, TOAl MiCTAHOBKA:

1
[t x4, n-2, p--2

1+ %% =x%?, X?+1=u?, -2x7dx=2udu, x%dx=-udu.

[TimcTaBUMO BCe B IHTETpa:

jx*‘ A+ xz)%dx = .[ X (x3(x? +1))_;dx = I X (x? +1)7%dx =

= j X 2(x2 +1)’% X 3dx = j (u? —1)(u2)’% (—u)du = — j (U —1)du =
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3 X7 +1=u? [(x2 +1)°

- Y iusc= _ :—%+\/x‘2+1+0=
U=+vx-+1
3
’ 2
1+ x° = x°u? u2=1+X2 [ X J
2 X [ 2

- X2 + 1+x +C=

B eSS 3 X
X
J@er) e
R + ” +C

1.1.6.2 TpuronoMeTpu4Hi MiICTAHOBKHU

1.
Xx=asinu; dx=acosudu;
IR(X,\/aZ—xz)dx= —
Ja?—x? =acosu
2. )
a asinudu
X= (dx = —
J'R(x /_xz—az)dx: cosu cos“u
’ 77 asinu
cosu
3. ’
adu
x=atgu; dx=———;
jR(x,\/a2+x2)dx: cos-u
2 2 a
A+ X =——
cosu

MPUKJIAA 1. O6uuciuTH iHTErpat J’ 4(1"4_2)(2)@
X

Po36’a3anna’ Bukopucraemo Bumnaaox 1:
Xx=2sinu; dx=2cosu du; J 2cosu

2
j'_"4_2x dx = = [ 2cosudu=
X V22 —x? =2cosu

2sinu)
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:.‘-4coszudu:J-1—sin2udu:J- du —Idu:—ctgu—u+C:

4sin’u sin®u sin®u

X=2sinu

. . X . X
=(sinu=x/2 :—ctg(arcsmzj—arcsmz+c=

u =arcsin(x/2)

_cosu _ J1-sin?u _ \/1—(x/2)2 _ Ja—x2 |

=|ctgu

sinu sinu x/2 X ‘_
NVve . X
=— —arcsin—+C.
X 2

. dx
MHNPUKJIAL 2. O6uncnutH 1HTETpa J. 9 \/m :
Po3s’a3annsa. BukopuctaeMo BUNIAJI0K OB:
3du_. 3du
| dx _ cos’u’| _ | cos’u

(x> +9)Vx2+9 Pl S ( 3 jz 3

cosu Ccosu / cosu

3du . . X = 3tgu
2
:j%:—jcosudu:—sinu+C: tgu = x/3 =
9 9

x=3tgu; dx =

9 3
cos2U COSU u=arctg(x/3)

x =3tgu; tgu =x/3;1+tg’u=—=
cos’u

3
J+ (/32 o+x

X
NEE'S

:ésin(arctg(x/3))+C = cosu =

sinu =tgu-cosu =
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1 X . c-—* .c.

e AN
9.J9+x2 949 + X

MPUKJIAT 3. 3uaiitu inrerpan [ X*v9—x* dx.
Po36’sa3anns.

[x*N9—x?dx = [ (3sin t)? V9 —9sin *t Bcost dt =
= [9sin?t-3| cost |-3cost dt =81sin *tcos® tdt =
= (81/4)|sin?2tdt = (81/8)[ (1—cos4t)dt =

= (81/8)- ([ dt - [cos4tdt)=(81/8) -t — (81/8) - [ cos4t it
mpu ymoBi cost >0. Hexait t =u/4. Toxi dt=(1/4)du i
[cosatdt = (1/4)[cosudu = (1/4)sin u+C.
OT1xe
[x2\/9—x?dx = (81/8) -t - (81/8) - (L/4)sinu+C.

[ToBepHEMOCH 0 MOYATKOBOI 3MIHHOI X !
t=arcsin( x/3); u=4t=4arcsin(x/3).

Tomi
[x*V9—x?dx = % arcsin( x/3) —% sin( 4arcsin( x/3)) + C .

3BUYAHO, OTpPUMaHUl pe3yibTaT MOXHAa CIPOCTUTH,
BUKOPUCTOBYIOUH TPUTOHOMETPUYHI TOTOKHOCTI.
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1.2 Busnauenmii interpaj

Teopis

IToHATTS BU3HAYEHOTIO iHTErpaJja

Hexait ¢ynkimis y= f(x) BuU3HAUEGHA Ha BIJPI3KY
[a;b]. Po3i0'emo Bimpizok [a;b] HA N YacTUH TOYKAMU
TUIEHHS  a=Xy, X, X5, Xg, Xy =D, Takumu, w10
Xg <X <Xp <..<X, 1 TO3HAYUMO X, — X5 =AX,
Xy — Xy = AXy, oy Xy — X_q = AX,, . Y KOXKHOMY 3 B1JIPI3KIB
[, % 1, D%, %o 1y vs[ X1, %], BI3BMEMO  TOYKY, SIKY
nosHauumo &, &,,...,&,. OOumciuMo  3HaYeHHS

¢ynkumii (&), ()., F(&,) 1 cknaneMo cymy
Sp(f) = f(&Q)AX + F(&)AX, +...+ T(&,)AX, =§nl f(&)Ax
i-1

[ls cyma 3BeTbCS IHMEZPANbHOIW CYMOIO NS
dbyuxuii f(X) Ha Biapi3ky [a;b].

Hexait ¢ynkmiss y= f(x) BuU3HaYeHa Ha BIAPI3KY
[a;b], S,(f)=>", f(c;)Ax — ii iHTerpanbHa cyma Ha
[a;b]. Iloznauumo uepe3 max Ax; HalOUIBIIY 3
JOBXHMH BIAPI3KIB  [X_5; %], i =1,_n. Pozristaemo
JOBUTBHY TOCIHIJIOBHICTh IHTETPAJIBHUX CyM TIpU
yMOBi max Ax; — 0. O4eBHIHO, 110 TPU LIOMY YHCIIO

N y po30UTTI IpSIMy€ IO HECKIHUEHHOCTI.

Busnauenum inmeepanom Bin ¢yskmii f(x) Ha
BIIpI3Ky [a;b] HasuBaeTbcs rpaHUI TOCHITOBHOCTI
IHTETpaIbHUX CyM MIpH HEOOMEKEHOMY 31IpiOHEHHI]

56




IToHATTSA BU3HAYEHOI0 iHTerpaJIa

po30uTTA BiApi3ka [a;b]:

jf(x)dx_ lim zf(c )AX: ,

maxAXx; —

ne a 1 b — BIANOBITHO HUMCHA 1 6E€pXHA Meci

inmezpysanns, [a;b] — eidpizok inmezpysanns.
['eomerpuunuii 3Mmict. Hexait ¢ynkmia f(X)

BU3HAYCHA, HEBIJ’ €MHA 1 HEMepepBHAa Ha BIAPI3KY

. .. b
[a;b]. Tom euznauenuii inmeepan _[a f (X)dx wucenvro
oopisHioe naowi S IONOGIOHOI  KPUBONIHIUHOL
b
mpaneyii: S = Ja f(x)dx.

@®izuunuii  3MicT. Hexail  marepiagpbHa — TOYKa
PYXa€eTbCcsl B3OBXK JI€AKOi KpUBOI [ 3 JIIHIMHOIO
mBuakicTio V=Vv(t). Toml eusnauenuii inmeepan

jff(t) dt uucenvno Oopienioe npoiideHomy wiiAxy S

3a npomidcok uacy [o;B]: S = _[s f(t)dt.

®opmyaa Herworona-JledOHuIsA

[* tdx=F () =F(0)-F(a)

n/2

MMPUKJIAL 1. O6uucnutH iHTETpa j sin xdx -
0

Po36’a3annsa: BUKOpUCTOBYIOUM TAOJMINIO 1HTErpasliB
ta popmyiny Heiotona-JIeHOHUIISL, O1epPKUMO:

nl2

_f sin xdx =

0

;‘/2 =—cos(n/2)—(—cos0)=0+1=1
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HPUKJIAL 2. O6uncnuTH iHTETpa Jz‘xdx.

Po36’a3anna. BUKOpUCTOBYIOUM TaOJIUIIO 1HTETPANiB
ta hopmyny Herotona-JIeiOuuiist, ogepxumo:

2 2|2 2 a2
dex:x_ :2__1_:2_£:§.
1 2 2 2 2 2

1

1.2.1 BracTuBOCTi BU3HAYEHOT0 iHTErpasy

Ne Cnosecne AnaniTnuHui
n/n dopMyTrOBaHHS 3anmc
1. | Busnauenuii iHTerpays He
3JICKUTH BiJ MO3HAYCHHS [ : f(x)dx=[ : f(t)dt

3MIHHO{ IHTETpYyBaHHS

Busnauennii iHTerpan 3

OJTHAKOBUMH MEKaMu .

IHTErpyBaHHA  JOPIBHIOE [, f(x)dx=0
a

HYJTIO

SIkmo mnepecTtaBUTH Mic-
SIMA MEX1 1HTeTPYBaHHS, b a
TO BHU3HAYEHWH IHTETpal ,[ o F()dx= _J. , T () dx
TIIBKU 3MIHUTH 3HAK

Jns  OyAb-KHUX  TpPbOX
. b

gucen  a, b 1c I f(X)dX:J.Cf(X)dX+

cIpaBeyInBa PIBHICTH a a

(AKmoO TLIBKM BCl Il + _[ i (x) dx

iHTErpau iCHYIOTB) ¢

Cranuii MHOXXHUK MOXHa I: AF (x) dx = AI: £ (x) dx
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BHUHOCUTHU 3a 3HaK
BHU3HAYCHOI'O iHTeraﬂa

6. | BusnaueHnmii iHTerpanm Bifg

anreOpaiHol - CYMI| R (x) 1 g(x) ~h(x)) e =
JNEKUIBKOX byHKi | 72

JOpIBHIOE ~ Takii  Xe | — J‘b f(X) dx+_[b g(x)dx —
anreOpaiuHiit cymi ¢ o
IHTErpatiB BiJ KOXHOI 3 - '[ h(x) dx

IUX QYHKIIH OKpeMo

1.2.2 3amina 3MiHHOI Y BU3HAYEeHOMY iHTerpaJi

b x=g(t), dx=o/(t)dt| ,
[fegdx= h U =] fle®le(t) dt
2 ola)=a, @PB)=b | 7
. B xdx
MHPUKJIAL 1. O6uncnutu iHTETpa j :
o Vx*+16

Po3ze’azanus:
t=x° dt=2xdx dt/2=xdx

t,=0°"=0 t,=(~3)" =3
(In‘t+\/t +16)3

f xdx :f xadx _
0 \/X4 +16 0 \/(XZ)Z +16
J' dt/2

yaers zfm

0

(In‘3+ 3 +16|-In|o-+ 0 +16 ‘) (In8-In4)=
1.8 1
==In=-==In2=In2"? =In+/2.
2 4 2 V2
INPUKJIAJ 2. OG4ncInTH 1HTETpa I szi :
5,C08" X+1
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Po3ze ’azanus:

} sinxdx _|t=cosx dt=-sinxdx - dt=sinxdx
coszx+1_ t,=cos(n/2)=0 t,=cosm=—-1 |
- I tzdt = (arctgt | = arctg0 —arctg(-1) :O+%

2 1/
MMPUKJIAL 3. O6uncnuTH iHTETpaj _[ ¢

1

dx

Po3zeé ’azannus.

te¥dx

X2

t=1/x dt=—@1/x*)dx - dt=(1/x*)dx|
t=1/1=1 t,=1/2

1

1/2

_Ie( dt) =—e ‘1/2_ (e“z—e):e—\/g.

MMPUKJIAJL 4. OGuucnutu iHTErpan I _
x(1+ln X)
Po3zs’sazanns:

'e[ t=Inx dt=(1/x)dx | _
1x(1+|n x) t,=In1=0 t,=Ine=1

1

1 T T
= =arctgt| =arctgl—arctg0=—-0=—
-(|)‘1+t2 g |° g g 4 4
1 4/3x -5 dx
IMMPUKJIAJ 5. O0uuciauTu IHTErpa
A P J\/BX—S +1
Po3ze ’azanus:
. u*+5 4u°
J-:‘/gx 5dx 3Xx-5=u" x= 3 dx = 3 —du

f3x-5+1 u=432-5=1 u2=<‘/3~7—5=2
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_ut u’+1
af 4 4u° ut+u u?-1
_i u®-— - du 4ju4du B ) B
= n = — > __u =
1 u® +1 31U +1 1
1

2

2 1 u3
:J.(uz—1+ - jdu: — —u+arctgu
1 u®+1 3

=—-—2+arctg2— ——1+ arctgl §—2+arct92—l+1—E =
3 3 3 4

1

= Z—1+ arcth—— = —+arcth——
3 4 3 4

1/2

MMPUKJIIAJL 6. O6uucnutu iHTErpan I =
0 V1—X

x? dx

Po3ze’azanus:
X=sinu dx=cosudu

T x2dx _|J1-x =cosu _"fsinzu-cosudu ~
J1-x2  |u =arcsin0=0 o cosu

u, =arcsin(l/2)=n/6

nl/6 nl6 T[/6

= J‘sinzudu:jﬂ :—_[(1 cos2u)du =
0

: 2
1 1 " 1 (.1
:—(u——sin2uj :—(E——sinij——LO——sin(Z-O)):
2 2 0 26 2 6) 2 2

_1(7: i nj 1[71 1\/_] r 3

2\6 2 3

6 22

12 8

61




1.2.3 InTerpyBaHHsl YaCTHHAMHU Y BU3HAYEHOMY
inTerpasi

j:u dv = uv|2 —j:vdu

MMPUKJIIAJL 1. OOuucnutu iHTErpan '[ XCos x dx.
0

Po3zeé ’azannus.

u=x du =dx

- T T -
_|=xsinx|; —_[sm Xdx =
dv=cosxdx v=sinx

0

T
Ixcosxdx:
0

:n-sinn—0~sin0+cosx|g =cost—cos0=-1-1=-2.

MPUKJIIAJL 2. OGuucnutu iHTErpan I Inx dx.
1 VX
Po3zs’sazanns:

u=Inx du=%

VX dv=-"2 v=2x 1 X
N

=Ine-2\e —In1-21-2] ﬁzzx/é—z-zx&r -
» X 1
=2Je-4aJe+4=4-2e.

1/2

MPUKJIAJ 3. O6uucautyu iHTETrpa J arccos 2x dx .

-1/2
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Po3ze ’azanus:

v2 u=arccos2x du= 2
j arccos2x dx = 1—4x%|=
2 dv = dx V=X
1/2
= arccos 2x - x| " I x-(—z—dez
B 1-4x?

1 1 " xdx
=—arccosl+=arccos(-1)+2 | ——=
2 2 L J1-4x?

t=1-4x* dt=-8xdx
dt/(—8) = xdx

= 8) ) =0+— + ZI

t =1-4(-1/2)°=0

t,=1-4(1/2)> =0

dt/(-8) _n
N

1.2.4 HeBnacHi inTerpanau

1.2.4.1 HeBiacHi iHTerpaJjiu no HeCKiH4eHHOMY
NMPOMIKKY (Iepuioro poay)

Teopis

Heegnacnuii inmezpan 3 necKinueHHOI 6E€PXHbOIO
Mmedxcero. Hexait pynkiis f(X) BU3HAUCHA HA BIPABO

HECKIHUYEHHOMY TMPOMIXKKY [a;+00) ¥ iHTerpoBaHa Ha
Oyab-siKkOMy BiIpi3Ky [a;b], e —co<a<b<+owo. Tomi

. b
rpaHuno  lm I f(x)dx Ha3UBAIOTb HEENACHUM
b+ d

inmezpanom 3 HeCKIHUeHHOI0 6EPXHbOI0 MeIHcelo 1
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IO3HAYAI0Th Ew f(x)dx. Takum 4rHOM,
[ roydx= Jim | " Fx)dx.

SIkmo BKa3zaHa TpaHULA ICHYE 1 CKIHYEHHA, TO
HEBJIACHUI  1HTErpaJl Ha3UBAIlOTh  30idcHUM, a
niginrerpanbHy Qyskuiro f(x) — inmezposanor nHa
HECKIHYEHHOMY TPOMIKKY [a;+w0). Cama TpaHuIld
MpUIIMa€eThCs 3a 3HAYEHHA 1IbOTO iHmezpand.

Skio K BKazaHa IpaHUIl] HECKIHUEHHA abo B3araji
HE ICHY€, TO HEBJIACHMM IHTErpan Ha3UBAETHCA
po3oixcnum, a Gyukuisa f(X) — neinmezpoeanoro Ha
[a;+).

Heenacnuii inmezpan 3 HeCKiHUeHHOI HUNCHBOIO
Mejicer0  BU3HAYAETHCA  aQHAIOTIYHO (HA  BIIIBO
HECKIHUCHHOMY MPOMIKKY (—o0;b]):

[* fxyde= lim | " ().

Hegnacnuuii inmeepan 3 o6oma HeCKIHYEHHUMU
Mexcamu BU3HAYAETHCS PIBHICTIO

[7r@dc= [ fede+ [ fax,

e C — JMoBUIbHE (iKCOBaHE IWCHE YHCIO. [Hmezpan
nieopyy y yiu popmyni icnye (€ 30ixcnum) auuie mooi,
Koau € 30idcHuMu 00udea immezpaiu nNpagopyu.
MosxHa J0BeCTH, IO IHTETpaJl, BU3HAYCHUH IIi€IO
PIBHICTIO, HE 3aJIC)KHUTh Bl BHOOpPY UHCcIa C.
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M 3MiCT

w

T'eoMmeTpuYHU

Hexai#t pynkmis f(X) HemepepBHa i HEBiI €MHa Ha
NPOMIKKY  [a;+0), a BIANOBITHUW  HegracHUl

inmezparn Ew f(x)dx 30iraetbcs. Tomi TPUPOIHO

BBaXKaTH, IO BIH 6U3HAYAE NIOWY HEOOMeHCeHOol
obnacmi — mpaneyii 3 HeCKIHUeHHOK OCHOB010, IO Ha
pUC. TO3Ha4YeHa TMOXWIUMH Ta TMepexXpecHUMHU
mTpuxamu. [lounHaroun 3 meskoro 3HadyeHHS b, ms
ioma MpuOIU3HO JOPIBHIOE IUIOMII OOMEXeHOT
oOnacTi, sika TMO3HaUY€HAa HAa PHUC. TEPEXPECHUMU
mrpuxamu. Tobto, mpu x—>+o QyHkmis  f(x)
npsAMy€e 70 HYJsS HACTUIBKM IIBUAKO, IO TUIOIIA
BIIMOBIAHOT HECKIHYEHHOT KPHUBOJIHINHOI Tpamemii
BUSIBIISIETHCS CKIHUCHHOIO.

MMPUKJIAJL 1. O6uucnuTu HEBIACHUM 1HTETpan abo

400
BCTAHOBUTH HOT0 PO301XKHICTD I

1
Possé’azauna:  Jlaumii  HeBIacHMW  IHTErpam 3
HECKIHYEHHOIO BEPXHBOIO MEXKEI0, TOMY

1+x2

Todx . b odx . b
J; Tl bILrIlL o bIlﬁrﬂoarctgxh = bILrEO(arctgb—arctgl)
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nrt_rm
2 4 4

b—+w

I|m arctgb—— |=
( ] 4j

MHNPUKJIAJL 2. OOuuMciuTH HEBJIACHUW 1HTETpand abo
/2
BCTAaHOBHUTH HOTO pO301KHICTh I sinx dx.

—o0

Po36¢’azanna’ Jlanuii HeBIaCHUM 1HTETpaJl 3 HECKIHUEHHOIO
HUKHBOIO MEKEI0, TOMY
n/2 2l

sinxdx = lim smxdx_ lim (—cosx)|,

a—-coda a—>—w

Tt/2

=— I|m (cos(n/2) cosa) = lim cosa.

a——w

Ane limcosa He iCHye, TOMYy 3a/JlaHWl HEBIIACHHI

a—>—w0

1HTETrpall € po30IKHIM.

MPUKJIAJL 3. OOuucnuTh HEBIaCHWMA iHTerpas abo

+00
. . dx
BCTAHOBUTHU UOT'O p0361)KHICTB I 7 1 .
X+
0

Po36’sa3anna: Jlanuii HeBnacHUM 1HTErpajl 3 HECKIHYEHHOIO
BEPXHbBOIO MEKEI0, TOMY

+fxdx_. J-b xdx |[t=x® dt=2xdx dt/2=xdx

0x 11 | 4=0°=0 t,=b
bZ

= %blim (arctgh® —arctg0) =

— = lim
0 X +1 b—+o0

. vt dt/2 1
:blfll.[o = lim = arctgt

t2 41 b0 2

_1 E_O _n
2\ 2 4
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INPUKJIAJL 4. OOuumciuTh HEBJIAaCHUW 1HTETpand abo

BCTaHOBHUTH HOTO PO30IXKHICTH I xeX*dx.

Pozé’asannsa. Jlanuii HeBiaacHUW iHTErpan 3 oOoma
HECKIHUEHHUMHU MEXaMu, TOMY

Uu=x du = dx
dv=e"%dx v=4e"*

I 4ex’4dx) = lim (0—a-4ea’4 —16e*'* :)z

= lim (—a-4e""4 —16+16ea’4) —w-e”-16+16e =

a—>—o©

= lim (_,4,6? ~16 = lim ,/4_—4 ~16=0-16=-16.
a——o (ea )' a>-o| @78 (_1/4)

MHNPUKJIAJL 5. OOuucnutu HEBIaCHUM 1HTETpan abo

0
R 0
j xeX*dx = lim J. x eX4dx =

a—>—wnva

= lim (x-4ex’4

a—>—0

+0
) . . 2

BCTAHOBUTH HOTO PO301KHICTD I xe ™ dx.
Poszeé’sazanna: Jlauuii HeBiacHUU 1HTerpad 3 obOoma
HECKIHUEHHUMU MEXaMH, TOMY

+0

2 0 2 +00 2 . 0 2
J’xe‘X dx:I xe™ dx+j0 xedx=lim | xe ™ dx+

a—>—wda

b t=—x* dt=-2xdx dt/(-2) = xdx
+lim | xe™*dx= -

) _ 2 _ _ _ 2
b0 20 t=—a? t,=0 t,=0 t, =—b
—b? 1. 0 1.. -b?
——Lim e =< fim [ e'dt = —= fim e ,—=lime'| =
2 a——o0J-a’ 2 b+ J0 2a>-» l-a 2 b+ 10

—~Liim (e —e—az)—l lim (™ —¢e°) = “Liim (1— L j-
2 b e?

a——w 2 b+ 2 a»>—»
_lnm(iz_lj Lao)-to-n=-1iloo.
2 bo+o| P 2 2 2 2
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1.2.4.2 HeBaacHi iHTerpaJjm BiJ HeoOMe:KeHHX
dyHkuiit (1pyroro poay)

| Teopis

Hexaii ¢yHkiis f(x) HemepepBHa Ha BChOMY BIIPI3KY
[a;b] 3a BUHSATKOM CKIHYEHHOTO YHCJIAa TOYOK, Yy SKUX
byHkIis HeoOMexxeHa. Touka ce€la;b] Ha3HBAETHCA
ocoonueorw moukoro QyHkuii  f(x), SAKIMO QYHKIIA
HeoOMexxeHa B Hild, To0To f(X) > oo mpu x —>c.

3aysasicenns. B ocobnuBiit Toumi ¢ QyHKIis f(x) Mae

BEPTUKAJIBHY acUMNTOTY X=C. Takow Moxe Oytu
BHYTPIIIHS TOYKa 00JacTi BU3HA4YEHHS, B AKIH (yHKLIS
Ma€ PO3pHUB JIPYroro poay, abo KiHIleBa TOYKa 1HTEpBaILy
o0J1acTi BUBHAYECHHS.

1. .
Hexait x=b — eauHa ocoGmuBa Touka (pyHKIII]

f(x) Ha Bimpi3Ky [a;b], TOOTO f(x) HemepepBHa Ha
1HTepBanl [a;b) 1 111? Of(x) =00,

Toni ¢ynkuis f(x) iHTerpoBaHa Ha BIAPI3KY
[a;b—¢] mpm noBimbHOMY &£>0 Takomy, IO
b—&>a. HeBnacHum iHTETpajgoM Bij HEOOMEKEHOT
GyHKIIT HA3UBAETHCS TPAHULIS

[*fxydx= lim | T f(dx .

S0 Bka3aHa TpaHULS ICHYE 1 CKIHYEHHA, TO
HEBJACHUI 1HTErpajl Ha3WBaIOTh 30idcHUM, a
niginTerpanbHy Gynkmito f(x) — inmezposanoro na
BiApi3Ky [a;b]. Cama rpaHuIs NpPUHAMAETHCA 32
3HaueHHA 11bOTO inmezpana. SIKIO X LSl TPaHUL
HECKiHUeHHa a00 B3araji He ICHye, TO IHTerpa
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Ha3UBAIOTh PO3OIHCHUM.

SIkmo X=a — eaumHa O0CO0JIMBAa TOYKa, TO
HEBJIACHUH 1HTETpaJl BU3HAYAETHCS TaK:

j:j(x)dx=1ggoﬁigj(x)dx.

Axmo f(x) HeoOMexxeHa B OKOJI SIKOi-HEOYIh
OJIHI€] BHYTPIIIHLOT TOYKHU c € (a;b), TO 3a yMOBH

. . . c .
iICHyBaHHS 000X HEBJIACHUX IHTETpasiB Ia f(x)dx 1

b
L f (x) dx 3a 03HaYEHHAM MOKJIAJAIOTh:

j:f(x)dxzj:f(X)dX+bef(x)dx.

Axmo a Ta b — 0coONHMBI TOYKH, TO 32 YMOBH

: . . d :
ICHYBaHHS 000X HEBJIACHUX IHTETpasiB I f(x)dx1
a

b
jd f(x)dx 3a 0O3HAYECHHAM MOKJIAJAIOTh

[ r@de=["fGyde+ [ fxydx

ne d — moBinbHA ikcoBaHa TOUYKa iHTEpBaly (a;h).

M 3MiCT

(v

I'eomeTpuYHU

Hesnacnuii inmezpan

y b i b—¢
LumW=mMafmm

y=f(x)=0

SKIIO BiH 30ira€erbcs, y
BUIAJIKY HEB1 €MHOIL
byukuii f(X) eusmauae
NAOWLY HeobMedHceHol

X obnacmi — 6i0n0GIOHOI
mpaneyii 3  HeCKIiH-
YEHHOIO

OF-=—==—==— -
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sucomoro. [lounHaroun 3 aesIKOro 3HadyeHHs ¢ >0,
15 TUIOIIA MPUOJIU3HO JOPIBHIOE TLIONI 0OMEXeHOT
o6JacTi, 110 3aITPUXOBaHA Ha PHC.

HPUKJIAJL 1. OOuucnutd HEBIaCHUM 1HTETrpand abo

1
. o dx
BCTAHOBUTH MOr0 po301>KHICTb f f

Po3ze’aszanua: Buxopucraemo 1 BuUmagok, amke X=1 —

earHa 0COoO0JIMBa TOYKA MiTIHTErpabHOI (DYHKITIT

a1
5.
H

TOMY

= Ilmjfs(x—l)‘mdx:

fik—znmj“
: Q/E £—>+090 \/T g—>+40

1-¢
. (X—]-)M5 5 4/5 4/5
=lim——=—— —lim((1-¢-1 0-1
e>+0 4[5 o 4£*>+ (( & ) ( ) )
5 5
=20-1)=-2.
4( ) 4

MPUKJIAJL 2. OOGuucnuTH HEBIACHWM iHTerpan abo

1/e

BCTAHOBUTH HOTO PO301KHICTD I Iy
xIn* x
0

Po3z¢’azanua: Buxopucraemo 2 BUNajgok, amke Xx=0 —

€IMHa 0COOJMMBA TOYKA MiJIHTErpajbHOi (yHKIIT Tty
xIn® x

t=Inx dt=dx/x
= t=Ine =
t,=Inl/e)=Ine* =-1

70




-1

—tim [ fim [ 4t = tim =—1| 13 -
e>+0JIne t e—>+0JIne e—>+0 3 3sa+0t
1. 1 1 1
=—Zlim| - =——-(D=2
3€—>+0( Inss) 3 D 3

MHNPUKJIAJ 3. OO6uucnutu HeBnaCHI/Iﬁ iHTerpan  abo

BCTAHOBHUTH MOTO p0361)KHICTB J.\/i
J(x-1)*

Po3zs’sazanna: Bukopucraemo 3 Bunmaaok, amke X =1e[0,9]
— eauHa ocoOMBa TOYKA MiAIHTErpaJbHOI QYHKITIT

1
%/(x—l)“’
I \/(x _1)* _I \/(x 1)° j \/(x 1)° =limf, «3/(x 1)°

+1im = |imj (x=1)*3dx + lim L (=) *dx=

e
5§—>+0J1+6 3 (X—l) e—>+04J0 3—+0

TOMY

1-¢

vt s
=lim (X ) & =-3lim 1 _
e>+0 -] 8>+ —1/3 s £—>+0 3,(X_1) .
9
. 1 . 1 1
-3lim——| =-3lim - —
5540 3/(X—l) " s—>+o(g/(1_8_1) g/(o_]_) J

=3lim ! ! :—3Iim[—1 ——1 j—
>0 3(9-1) 3(L+58-1) =0\ e 31
(1 1

—Bé!LrPO[%—%j——3(—OO+1)—3(1/2—00)—OO—3-3/2+OO—OO

HesnacHuii iHTETpan po3diraeTbes.
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INPUKJIAJL 4. OOuumcnuTh HEBJIACHUW 1HTETpand abo
1

. . dx
BCTAaHOBHUTH HOTO pO301KHICTH I
\/ (1-x

— x%)arcsin x

Po3zé’azannsa. Bukopucraemo 4 BuUMamok, amke X=0 i
x=1 — o0coOJMBI TOYKM MiAIHTETpabHOI (PyHKIII
1

\/(l— x?)arcsin x
dx e dx b dx

I\/(l x?)arcsin x - I \/(l x?)arcsin x 17[2 \/(l X )arcsmx

, TOMY

1/2 d dX
= Iim_[ +|imj _
103 J@-x®)arcsinx 7017, (1 x) arcsin x

t=arcsinx  dt=dx/v1-x
=|t =arcsine t, =arcsin(l-5)|=
t,=t, =arcsin(1/2)=n/6

/6 arcsin(1-3) arcsin(1- b)

. dt
lim j —+ lim I —=1lim 2\/_ + lim ZJ_
g—>+0 \/_ 3—>+0 \/_ £—>+0 arcsine 3—>+0

arcsine

_2I|mo<\/n/6 \/arcsms)+2llm(\/arcsm(1 8) — Jn/G)
=2Jn/6+2ni2-2Inl6 =2Jrl2 =[2n.
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1.3 3acTocyBaHHSl BU3HAYEHOI'0 iHTerpaJa

1.3.1 Ilnoma niockoi ¢girypu

Pucynok

®dopmyna

y=Yy(x)

KPHUBOJIiHIHHA Tpamemist

D:y=y(x), y(x)=0,

x=a,x=b,y=0

S :?y(x) dx

KPHUBOJTiHIHHA Tpameist

D:y=y(x), y(x)<0,

Xx=a,x=b,y=0

S= —.T y(x) dx

[lin yac po3risay TUTAHHS MPO OOYUCICHHS TUIONII
MJI0CKOT (Irypu OCHOBHUM € MOHSATTS MPAaBWIHHOT 001aCTi.
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Hexait D —  JIesKa
y A 3aMKHEHa IUIocka 0O0JacTh,
W BIIp130K [a;b] - ii mpoekuis
z napaienbHo oci Oy Ha BiCh
_ Ox . O6nacts D Ha3zuBaeThCs

— Y =Y1(X)

npaguibHOW (cmanoap-
aE‘ « bx:b X' mmnow) ¢ nanpamxy oci Oyj
SIKIIIO BUKOHYIOThCS HACTYIIHI
ymoBH: 1) BoHa oOMexeHa
3HU3Y «TOPU30HTATILHOIO»
JAiHi€lw0 6x00y Y=Y,(X), 3BEpPXy — <TOPU3OHTAIBHOIO»

JiHi€I0 6ux00y Y =Y,(X), a3711Ba 1 CIpaBa — BEpTUKATbHUMHU
npsSMUMHU BignoBimHo X=a i X=b (a<b); 2) moBinbHa
npoOHa mpsiMa X=C, mo mapaneiabHa oci Oy, Tak caMo
HANpsIMJICHA 1 IPOXOJUTH Yepe3 EAKy BHYTPIIIHIO TOYKY C
BijIpi3Kka [a;b], mepeTuHae Mexy Ili€i 00IacTi JUIIE B TBOX
TOYKax: B OAHIW TOYIll Ha OJVKHIN JIIHIT BXOIY Ta B OAHIN
TOUIll HA JaNbHIN JiHIl BUXOAY; 2) JIiHIIO BXO1Yy (aHAJIOTi4YHO
JIHIFO BUXOJYy) MOKHA 3aJaTH B SBHOMY BHIJISAI OXHUM
piBHAHHAM Y =Y,(X) (aHanoriuHo y=y,(X)), po3B’s3aHUM
BIJIHOCHO Y .

AHaJNOTIYHO BU3HAYAETHCS Hpasuavna (cmandapmua) 6
nanpamky oci Ox tuocka o6xacte D . [Ipu npomy 3MiHHI X
1 Y MIHSIOTBCS POJISIMU.

Slkmo oOmacte D — mpaBWwiIbHa B HampsMKy 000X
KoopauHaTHUX oceil Ox 1 Oy, TO BOHA HA3MBAETHCS MPOCTO
npaguibHolo (Cmandapmuon).

Skmo obnactb D — HempaBWJIbHA, TO HPSIMHUMH, LIO
napajieibHl OCsIM KOOpJAMHAT, Ii po30MBalOTh Ha MpaBHJIbHI
YACTHHHU, 1[0 HE MAIOTh CIIJIBHUX BHYTPIIIHIX TOYOK.
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[Tnomy nmpaBuiabHOT B HampsAMKY oci Oy obusacti D
MOHa OOUYUCTUTH 32 POPMYIIOIO:

S = (y,(0 -y, (x)) dx.

[Inomy npaBuiabHOT B HanpsaAMKY oci Ox obusacti D
MOHa OOUYHCITUTH 32 POPMYIIOIO:

S = () -x () dy.

SIko KpuBOJIIHIMHA Tpameuiss oOMeKeHa JiHI€L,
0 3aJlaHa B MapaMeTpUuHId (opMi Yy MPSIMOKYTHHX
X =X(t)
y=y(®
JHIHHOI Tpanelii 00YHCITIOETHCS 32 GOPMYIIOI0

KOOpJAHMHATaX { (a<t<B), TO IWIOmAa KPHBO-

s=["yx®dt.

Sxmo miHig, o obmexye ¢dirypy, 3agaHa y
MOJISIPHUX KOOpJIMHATaX PIBHSIHHSIM p=p(p)
(a<@<PB), Tomi IUIOIIA KPHUBOJIHIHHOTO CEKTOpA.
00MEXEHOTO KPUBOI p=p(p) 1 KOOPAMHATHUMH TPO-
MEHSIMH @ =0 Ta @ =3 OOYHCIIOETHCA 32 POPMYIIOIO

S=2)[ 0 (e)do

Hexaii D — pgesgka 3aMKHEHA IUIOCKAa 0O0JIACTh,
po3MilIeHa MK KpaiHIMUA KOOPIAWHATHAMH TPOMEHIMH
o=a 1 ¢0=p (a<p), npuuomy noiaoc O HE JICKHUTH Y

Hiil. O0nacte D Ha3UBaeTHCS npasuvhoro (cman-
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O0apMHOI0) 6 HANPAMKY KOOPOUHAMHUX NPOMEHIE
o=C (C=const), SKImO BHKOHYIOTHCS HACTYITHI
YMOBH:

1) nmoBuUTbHHMI TPOOHHH KOOPJWHATHHM MPOMIHB
¢=C, 10 JeXUTh MK KpalilHIMH MPOMEHSIMH ¢ =0 1
¢ =p, mepeTuHae Mexy obmacti D TUIBKM B JBOX
TOYKaxX: B OJHIM Toulll HA OMWXKHINA JiHIT 6X00y
p=p,(@) 1 B OOHIA TOULl HAa NANBHIN JIHIT 6ux00y
P=p2(9);

2) niHiI0 BXOAY (QHAJOTIYHO JIIHIIO BUXOJY) MOXKHA

3aJaTH B SIBHOMY BUIJISII OJIHUM PIBHSHHAM p =p,(0)
(aHAJOrI4HO p =P, (@) ), PO3B’I3aHUM BITHOCHO p .

Toni IIONIy  MPaBUIBHOI B HATPSIMKY
KOOpJIMHATHUX NIPOMEHIB 00macTi D MoOkHa 00YUCIUTH
3a GopMYII0I0

s = (1/2)["(p3(0) ~ p? (9) do.

MNPUKJIAZ 1. O6uucnutu mwionry S ¢irypu, oOMexeHoi
niHiero y = x®—3x% — 4x+12 i Biccro Ox, kot —2 < x<3.
Posé’sa3anns.
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[To6ynyemo (Mo TOYKaMm)

2] y=x’ -3 - rpadix  3amaHoi  KpHUBOI.
—4x+12 OueBugno, mo Yy(x) >0, Koau
/ —-2<x<2 1 y(x)<0, xomu
f ! — 2<x<3.
2-100 1 273 X ToOTo BHKOpHCTaEMO BH-
majaku 11 2.
Toni

b 2
S=[1f()ldx=["(x* -3x* —4x+12) dx—
2

—E(x3 —3x%—4x+12)dx = ((1/ A)x* —x3 —2x? +12x172 -

(@ ayxt -3 —2x? +12x]2 —24/4-2%_2.22412.2—

- ((—2)4 14—(-2)% -2(-2)* +12(-2))- (3* /4 -3 -2-3° +
+12.3)+2%/4-22-2.22412.2=4-8-8+24—-4-8+8+

+24-81/4+27+18-36+4—-8-8+24=232,75 (xB. 011.).

HNPUKJIAJL 2. 3naiitu twiomy obnacti D, oOmexeHOl
JIHIAMUA X:4—\/§, X-y+2=0 Ta y=1. 3amauy
pO3B’s3aTH JBOMA CIIOCOOaMMU:

a) BUKOPUCTOBYIOYHM IHTETPYBaHHSA MO 3MIHHIA X

0) BUKOPUCTOBYIOUHM 1HTEIPYBaHHS 1O 3MIHHIN Y .

JJist KOXKHOTO c11I0c00y 3pOOUTH BINIOBIAHHUI PUCYHOK.
Poss’aszanna: 3naiinemMo xapaktepHi Touku obmacti D — 11
KYTOBI TOYKH, B SIKHX MEPETUHAIOTHCS JiHii, 110 YTBOPIOIOTH

Mexy obmacti. Jlms 1pOrO  CKJIAIEMO 1  PO3B’SIKEMO
BIJIMOB1/IHI CUCTEMHU 3 PIBHSIHB LIUX JIHIN:

v -y+2=0;
{X IV 3G, {x g x=-1; BC-L1D);
y=1 y=L
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x=4-\y; |y=(@4-x7,x<4; x=2
x—y+2=0; |[x—(4-x)>+2=0; x,=7>4

n=4-27=4; C(2:4).
3a ©MMU TOYKaMHU MOOYIYEMO €CKI3M 3a/laHHuX JIHINA —
JBOX MPSIMUX x—y+2=0, y=1 1JiB0i IOJOBUHH x:4—\/;
BEPTUKAJIbHOL napalouu. Onepxumo MONepeTHE
300pakeHHs obnacTi D 1 mpoaHnanizyemo ii popmy.

y
x—y+2=0~:4 % x:4—\/;
2
B A y=1
i /'{i o 12 i\\'4 =

a) 1106 cxopucratucs Gopmysoro
b
S = [ (% ()= x(y)dy,

HEOoOXiqHO monaTu obmacte D K mpaBUIBHY B HANPSIMKY
oci Oy . fxmo y BuOpaHOMY HaIpsIMKy BOHA HENpaBUIIbHA,
To Tpeba po30uTH ii Ha MpaBUIBHI YacTUHHU. 3 PUCYHKY 1
BUIHO, 110 00sacTh D — HempaBmiibHa. [i MO>kHA po30UTH Ha
nBl nmpaBuiabHi yactuHu D, 1 D,. Hexaill muoma nepmioi
¢irypu S, mioma npyroi ¢girypu S,. Tozi mykana ruioma
3agaHoi o0nacti S =S, +S,. [IpoBenemo o6uncIeHHS:

S=8,+8, = [2((x+2)~Delr+ [ (x4 1 =
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= [P (et D+ [0 -8 +15)dx = (127 +x) +

3
+((1/3)x° — 4 +15x]2 —242-1/24149-36+45—

—8/3+16—-30=35/6 (xB. 0oj.).

y y \4
y:X+2\__ / y:4 |
> A 2 |X=Y-2 x=4-y
2 1/4 y=(4-Xx)
4, —X
:1 — :1 y:1
) Y ) y Ny o
X=I—1 OX=|2 ~x=3 ? I _]'_ Ol 1 |3 ?
Pucynoxk 1 PHCyHOK 2

0) I1lo6 ckopucratucs Gopmysoro
S =] (y,(x) ~ ya(¥) dx,

HEOOXIHO pO3IsAHYTH o0nactb D Sk mnpaBUibHY B
HampsiMKy oci Ox. Skmo y BuOpaHOMY HaINpsSMKy BOHA
HENpaBWIbHA, TO Tpeba po30uTH ii Ha MPaBUIIbHI YaCTUHU. 3
PUCYHKY 2 BHJIHO, [0 00nacth D — mpaBunbHa. [IpoBegemo
00YHCIICHHS

ST R
=6y - (2/3)y** ~W2)y*| =24-16/3-8-6+2/3+
+1/2=35/6 (kB. o11.).

MPUKJIAA 3. O6uucnutu momy ¢irypu D, obmexeHOi
X =2(t—sint),

Biccro OX 1 IIEPIIIO0 aPKOKO [IUKIOIIH
P P B A {y=3(1—cost).
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Po3zé’azannsn. ®dirypa D turonry skoi HEOOXIIHO 3HAWTH,
BUJIJICHA Ha pHUC. MTpuUXOBKor. Ilepmriit apmi 1ukimoigu
BIJINOB1/1al0Th 3HaueHHsa mnapamerpa 0<t<2x. [IpoBenemo
00YHCIICHHS:

x=2(t-sint)
{y = 3(1-cost)

X'=2(t-sint)'=2(1—cost); S :ISy(t)x'(t)dt =
= jOZRB(l—cost) -2(1—cost) dt = 6]02“(1— 2cost +cos?t) dt =
=Bt [2" ~12sin t[2* +3( " (L+c0s 2t) dt =127~ 0—12sin 2+

+12sin 0+ 3t 5 +(3/2)sin 2t |"=127 +67 -0+
+(3/2)sin 47 —(3/2)sin 0=18x (xB. ox.).

MMPUKJIAJL 4. 3naiita momy ¢irypu, oOMeXeHOT JiHIsIMHU
p=3I/(4cosp) (mpsiMa, 110 MEPIEHAUKYISIPHA 0 TMOJSIPHOL
oci Ox) Ta p=cose (KoJO).
Po3é’azanna: 3HaliieMo TOYKM TIEPETHHY JIiHINA, M0
00MeXyI0Th QIrypy:
p=3/(4coso); 3/(4cose) =coso;
{ p=C0SQ;  COSQ==%~/3/2;
¢, =-n/6; ¢,=71/6.

COS(p=i\/§/2;

3 pucyHKa BUAHO, 10 oOjmacTb D — mpaBuibHA B
HaNpsSMKY KOOPIMHATHUX MPOMEHIB. 3HalaAeMO ii Tuiomy:

80




S = U/2)[™° (cos? ¢ - (3/(4cos))? ) do

_ _ n/6
p =cos ¢=n/6 =L @+ cos2g) do-
p =3/(4cos o) 4 _rr6
AN 7Ry
¢=-n/6 32 4 cos?

n/6

1 . T
_ Z((p +(1/2)sin 2(P)|_:je

——tg @[L5s= 1/ 4)(n/6+(1/2)sin(n/3)+7/6—

—(1/ 2)sin(—n/3))—(9/32)(tg(r/6) —tg(—n/6))=
=(/4)-(n/3+~/3/12)—(9/32)-(2v/3/3) =n/12+~/3/8 -
~3.3/16 =1/12—+/3/16 (xB. 011.).

1.3.2 JloB:kuHA 1yTd KPUBOi

JloB)krHA Jyru IUIOCKOT
JiHIT y TeKapTOBid cuctemi
KOOpJIMHAT:

a) sABHO 3aJaHa JIiHis L= _[ 1+y"™(x) dx
L:y=y(x), a<x<b.

0) mapaMeTpuyHO 3aJlaHa
TiHis L= j X2(t) + y2(t) dt

{x:x(t),
L: a<t<p.
y=y(),
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JloBkMHA HOyrd IUIOCKOL

B
NiHii y monspHii cucremi | L= J. Jo2 (@) + () do

KOooOpauHaT
L:p=p(9), a<o<p.

3.
JloBKrHa JyTH
MPOCTOPOBOI  MiHIT Yy
JIEKapTOBIM cucremi B
KOODP/IMHAT: L= I\/ X2 (t)+y'®(t) + 2% (t)dt
X =X (t), *

L:qy=y(), a<t<p.

z=1(t),

HPUKJIAL 1. 3HailTH 1OBXHUHY BKa3aHOI 1yT'H

y=Inx, xe[/3;48].
Poszeé’sazanna: JliHida 3ajaHa B NPSAMOKYTHIM  cucrtemi
KOOPJAWHAT B IBHOMY BUTJISI/Il, TOMY BUKOPHUCTAEMO BUTIQIOK
la. 3natimemo noxigny y'=1/x. Tomi

V8 V8 |2 J8 2
L= [ y1+@/x) dx= | X :1dx=j L =
J3 NERIRS 3 X
x2+1=t% dx=tdt/\* -1
o tetdt
=lWl+x*=t; t=v1+3=2; |=|——=
& J;\/tz —1Jt? -1

x=+t?-1; t,=/1+8=3

3 3
dt+ [~ 42 in[
e e P

3

Il
N Sy 0
—t
N
|
[HEN
+
[N
o
—
Il
—

2
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1(, 2 1
_3—2+§(Inz—ln§j—l+(1/2)In(3/2) (o).

IPUKJIAJL 2. 3HaiiTn noBXHHY Koma X%+ y? = R?,

Pozé’asannsa: JliHig 3amaHa B TNPSMOKYTHIM  cHCTEMI
KoopauHat. JloBxkHHA L, 4acTHHHM Koja, 110 PO3TAaIlOBaHA Y

MepuioMy KBaJpaHTi, CHIBMAJa€ 3 JOBXKHHAMU YacCTHUH,
pO3TAIlIOBAaHUX Yy IHIIUX KBaJpaHTax. PIBHAHHS KoJla TyT Mae
_[p2_ 2 - - 2 2\12 .
BUIIISL Y=+R“—X°, 3BIOKH Y ——X/(R -x°)"°. Tomi
JOBXHMHY L BCHOTO KOJa MOXHA OOYHCIIUTH TaK:
R 2 (P2 _ 2 R 2 y2\12
L=4L, =4f J1+x2 (R? - x?) dx =4[ RI(R? —x?)"2dx =

=4Rarcsin (x/ R)|§ = 4R (arcsin 1—arcsin 0) = 2nR (ox.).

MHMPUKJIAJL 3. 3HailTH TOBXUHY acTPOINH:
X=2cos’t
y=2sin’t

Poszé’sazanna: Jlinia 3amaHa B TPSAMOKYTHIM — cucTeMi
KOOpJAMHAT B  TMAapaMETPUYHOMY  BHUIJISAI,  TOMY
BUKOPHUCTAEMO BUNaA0K 10. JIJIs bOro crioyaTKy 3HalH1eMo

X'(t) =2-3cos’t-(—sint) =—6cos*tsint,
y'(t) =2-3sin’t-cost = 6sin’tcost .
(X)) +(y'@) = (-6 cos? tsint)2 +(63in2tcost)2 =
=36c0s*tsin’t+36sin*tcos’t =36cos’tsin’t (sin’t +cos’t) =

=36c0s°tsin’t ;

\/(x'(t))z +(y'(t))2 =/36cos’ tsin’t =6costsint =3sin 2t .
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Ysepts L,z acTpoigu po3milieHa B
nepioMy KBaapaHTi Big Touku A(2;0) mo
toukn B(0,2). 3naiigemMo 3HauYCHHSI
napamerpa t, MO BIAMOBIAAIOTH KIHISAM
i€l JyTH:

2cost=2; cost=1; a=0;
2cos*t=0; cost=0; p=m/2.

Toni moBX)KHA BCI€T aCTPOiIH:

L= 4-3[(;lesin 2tdt=-12-(1/2) cos 2t |

nl2
0o =

=—6(-1-1)=12 (oxm.).

INPUKJIAJL 4. 3HaiiTi 10BXHHY Kapaioian p =6 (1+sin ¢).

Po36’sa3anns: JliHig 3a1aHa B MOJSPHIA CHCTEM1 KOOpJIUHAT,
TOMYy BHKOpHcTaemMo Bumnaaok 2. Kapmioima cumerpuyHna
BifHOCHO oci Oy. Tomy ii noBXHMHY L MoOKHa 3HaWTH,
[OABOIBIIM JOBXHMHY L, 1i mpaBoi yacTuHuU Lg,, IO
po3TalloBaHa B YETBEPTINA Ta MepuIiil UBepTAX 1 MPU LbOMY
—n/2<@<mn/2.IIpoBeneMo 0OUUCTICHHS:

y p'=6(+sin@)'=6c0s0Q;
12]A p?+(p')? = (6(L+sin @) +
Loa +(6c0sp)? =36 (1+2sin @+
o sin? @ +cos? @) =36-2(1+sin @) =
s 6 X =72@+cos(n/2—¢)) =

72-2cos’ ((n/2-¢)/2)=
=144c0s® (n/4—¢l2);
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JP)+ () =12|cos(n/4—¢/2)|=12cos(n/4—¢/2);
/2
L:2Ll:2IB1/(p)2+(p')2d(p:2-12 | cos(%—%)d(p:

-n/2
. (T
=24-(-2)sin| ———=
(2sin%-2)

nl2

=—48(sin0—sin(n/2)) =48 (ox.).

-n/2

HNPUKJIA/L 5. 3HailTh JOBXKWHY 3aJaHOI IYTd TBHUHTOBOI
JIHIT:

X =6cost
y=6sint, te[0;2x].
z=28t
Po36’a3anna: 3apaHo NpOCTOPOBY JIHIIO B NPSIMOKYTHIN

CHUCTEMI KOOpJMHAT B IMapaMETPUYHOMY BUIJIANl, TOMY
BUKOPUCTAEMO BUNAA0K 3. Tomy

X'=-6sint; y'=6cost; z'=8;
JX®Y +(y'®) +(2®)° =(-6sint)’ + (6cost)’ +8 =
= \/36(sin2t+coszt)+64 =100 =10;
L=10] "dt =10t]}" = 20x (on.).

1.3.3 O0’em Tis1a

1. | O6’em Tima 3 BimomuMu
IJIOIIAMU MOTEePEUHUX
. . b
nepepisis. V = J. S(x) dx

S(x) — mwioma mepepi3zy .
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TIJIa INIONIUHOIO, IICPIICH-

JUKYISIPHOIO  OC1 Ox,
a<x<h

2. | O6’eM Tina obepTaHHS:

a) D:y=y(x)>0, y=0,
X=a, X=D,

Bich 00epTaHHs — OX

0) D:x=x(y)>0, x=0, d
y=c, y=d, 6) V, =n[x*(y)dy

Bich 0Oepranus — Oy ¢

a) V, = n? y2(x)dx

OO6’em Tina obOepTaHHS: -
Dip=p(p), a<p<P sz—nfp3(¢)sin@d@
Bicb 0OepTaHHS — MOJSpHA 3%

BiCh

IPUKJIAJL 1. 3HaiiTi 00’ eM emincoina
x*la?+y?/b?+z%/c? =1.

Poszé’azanna: Y mepepizi  emincoiga  TUIOMIMHOIO,

napaienbHO0 TIommHI Oyz Ha BiACTaHI X BIO He,

YTBOPIOETHCS EIIIC

y2 0% +2% /¢ =1-x*/a%;
X = const
a60 yz/(bz(l— X2 /a2))+ zz/(cz(l— x2 /az)):l

3 miBocsmu b =by1-x*/a%, ¢, =c\1-x*/a’ .

ITnoma Takoro eninca S(x) = h,c, = nbc (1— X /az).
O6umciInMo 00’€eM enincoina, BpaxoBYKOUYH HOTO
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CUMETPII0 BIJTHOCHO
riomHu Oyz ;

V =mbc[” 1-x*/a%)dx =

=2mhe [ (1-x*/a%)dx =

a

zznbc(x—x3/(3a2))\0 (4/3)mabe
(xy0.0711.).

MPUKJIAJL 2. 3Haiitun 00’eM
TiNa, 110 yTBOPEHE
oOepTaHHAM IUIOCKOI (irypH,
oOMEXKEHOI JiHIIMH Xy =4,
x=1, x=4, y=0, HaBKOJIO OCl

Ox .
Posze’sizanna. Tino, o0’em
SIKOTO Tpeba 3HAWTH,

300paxxene Ha puc. Dirypa
(kpuBOMiHIHA Tparmeis), MO o0epTaeTbcs, IMOKa3aHa
IITPUXOBKOFO.

[IpoBenemMo oOUHCIIEHHS:
_~[°y2 _
v _njay (x)dx =
4 4
= nj(4/x)2dx=16njd—’2‘=
1 1 X
=16n(-1/x) | = —167- (1/4-1) =12n (xy6.01.).

MNPUKJIAJL 3. 3naiitu 00’eM dacTuHM Tapabosoina,
yTBOpeHoi obepTaHHAM ayru mapabomu y=Xx?, xe[0;2]
HaBKOJ10 oci Oy .
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Po3e’asanna. 3 piBHAHHS Tapaboiu x=Xx(y)= \/y :
ye[0;4]. Tomi

v=rf !y fdy=n(y? /2)\;1 —8n (ky6.01.).

HPUKJIAL 4. 3naiitu o00’eM TiIa, OTPUMAHOIO
o0epTaHHSIM KpPUBOJIIHIMHOI Tpamerlii, oOMeXeHO1 Tyroro
nukigoizm  x=a(t-sint), y=a(-cost), te[0;n/2],
npsiMoro X =a(n/2-1) iBiccro Ox, HaBKOJIO ocl OX .

Po36’a3anns: ®@irypa, o0epTaHHAM SIKOT YTBOPIOETHCS TIJIO,
300paxeHa Ha puc. [IpoBenemMo oOunCIeHHS:

V:n.[:yzdx:|x:x(t); y=y(t); dx=x'(t)dt|=
=" y2 () x'(t)dt =
YA (x=a(t—sint) x=a(t-sint); L =0;
‘ i{Y=a(1—cost) =|dx=a(l-cost) t,=n/2|=

X dt; y=a(l-cost);
ol ~x=a(n/2-1)

/2 2 2
:nIO a“(l—cost)“a(l—cost)dt =
n/
:na3jo 2(1—cost)3dt=
n/
na3fo 2(1—3cost+3coszt—cos3 t)dt =

= na3j'on/2 (1—3cost + (3/2)(1+cos 2t) —

—(1—sin?t)cost) dt = ma®[(t —3sin t + (3/ 2)t + (3/4)sin 2t —
n/
0

—sint+(1/3)sin’t) 2} — (15n—44)ra’ /12 (ky6.01.).
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IHNPUKJIAJL S. Kapmioina p=a(l-cosp) obepraerbes
HABKOJIO MOJISIPHOT OCl. 3HAUTH 00’ €M Ti1a 0OepTaHHS.
y Po3ze’aszanna: 3anana kapnioina

a 300paxkeHa Ha puc.
! Ckopuctaemocs  opmynamu
_2a % X 3B’SI3KYy MDK MNPSMOKYTHUMH 1
r MOJISIPHUMHU ~ KOOpJAWHATAMHU 1
! 3poOMMO 3aMiHy 3MIHHOI:
—alix=al4

2n " 3 .
Vp=§jp (p)sinpde =
3

= z—gj(a(l—COS(p)fSin(p do= 2nTaI(l—cos(p)%incp do=
0

0
t=1-cosg; dt=sinpdg;
=, =1-cos0=1-1=0;
t,=1-cosm=1-(-1)=2

32

2ma jtgdt_zna{ﬁz_znf 2¢ 0') 2na’ 16
3 3 3 4, 3 |4 4) 3 4
2ma’ 8na’
= 4= Ky0.01.).
3 3 (ky0.01.)

1.3.4 Il;1oma noBepxHi 00epTaHHSA

1. | Ilmoma moBEpXHiI YTBO- b
peHoi 00epTaHHAM KpH- | S = znj'y(x) 1+ y'?(x) dx

BO1, 110 33/1aHa B MPSIMO- a

KYTHIH CHCTEeMi KOOpAH-

HAT:
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a) L: y=y(x)>0,

Xx=a, x=b, d ,
S, =2r[x(y)\1+x"?(y) dy
C

Bich 00epTaHHs — OX
0) L: x=x(y)=0,
y=c, y=d,

Bich oOepTanHs — Oy .

2. | [Inoma moBEepXHi, YyTBO-
peHoi oOepTaHHSM HaB-
KOJIO MOJISIPHOL ~ Ocl

KpUBOi, IO 3aJaHa B X\/pz () +(p '((P))Z do
MOJIIPHUX KOOpAUHATAX

p=p(p), 0<a<e<B<n

S= ZnIS p(p)sinpx

3. | [Inoma moBepxHi, yTBO-
peHoi oOepTaHHSM HaB- S —2n '[By(t)x
Kosio oci OX KpuBOi, L0 o
3a/laHa y MapaMeTpUYHil X\/(X'(t))Z +(y'(t)2dt

dbopmi {X =X

a<t<p

y=y(t)’

MNPUKJIAJL 1. 3HaiiTu TUIONLYy TMOBEpPXHI, YTBOPEHOI
obepTaHHsIM Ayru mapabomu y?=2px (0<x<2p; p>0)
HaBKOJIO oci OX .

Pozé’aszanna: CnouaTky piBHAHHS JAyrd  mapaboiu
3aMMIlIeMO y SIBHOMY BUIJIAJl, BUPA3MBIIM Y uepe3 X:

) ) 2
y =4/2px. [loTiM 3HaiiAeEMO NOXIAHY: Y'= 2_p .
X

Jan o0uucanmMo mionty:
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2
s=2n[ " \2px- 1+(%J dx =

= 2n2p[ " Vx /1% dx=2n\Zp]" /x.4xix2p dx =
:Zmﬁmif/ﬂﬁzﬂck:zmﬁﬁﬁﬁiﬂﬁzﬂdxz
—n\/_J- \/_«/2x+ dx = 2n\/_j 2x+p dx=

. (2.2p+ p)3/2 ~ p3/2 ~
i n\/E( 32 312)

\/_ ( p)a/z :n\/a. 2p3/2(\/5_3—1) _ ngz (\/5_3_1)

3

1 (2x+p)** p)"”2
_Zn\/_ 3/2

(xB. 011.).

MPUKJIAJL 2. O0GUHCIUTH TUIONLY MOBEPXHi, YTBOPEHOT
oOepranHsM paBinuka Ilackams p=2+C0S@ HABKOJO

HOJIIPHOT OCl.

Po3é’azanna: Pasnuk Ilackans 3o00paxenuii Ha puc. Bin
CUMETPUYHUN  BIAHOCHO moysipHoi  oci.  [loBepxHs
o0epTaHHs YTBOPIOETHCSI PYXOM BEPXHBOI TMOJOBUHU
paBimka [lackans, ne ¢ €[0;n].

y [TpoBenemo oOunCIEHHS:

2| ,p=2+cose
(x S=2njjy((p)d|:2n'[fp((p)sin QX%
< 10) /X
A <P’ (9)+(p'(9))° dp=

Z =|p=2+cos¢; p'=—sin ¢;
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p2 +(p')2 = (2+COS(p)2 +

+sin? p=5+4cosp; a=0;B=mn|=
- ZnIOn(Z +c0s @) sin @+/5+4cos ¢ dp =t = cosg;
dt =—sin @dg; t, =cos0=1; t, =cosm=-1 =
=—2nL—1(2+t)Mdt=‘5+4t=u2; t=(u?-5)/4;
dt=(1/2)udu; u=~5+4t; u =5+4=3; u, =ﬂ=l{=

- —2nj31(2+(u2 _5)/4)u(L/2)udu= —(n/4)j31(3+u2)u2 du =

_ _(,T/4)Ll(3u2 +uf)du=—(n/4)(u* +@/5)°) =
=—(n/4)(1+1/5-27-243/5)=931/5 (kB. 011.).

MNPUKJIAJ 3. OGuMCIUTH IUIOILY TMOBEPXHi, YTBOPEHOI

. X =acos’t ,
obepTaHHAM acTpOinau _,.» (0<t<m) HaBkomo oci
y =asin’t
Ox.

Po3é’sazanna: Actpoima cuMeTpHYHa BiIHOCHO 000X
koopauHatHuX ocei. Illykana mmoma S JgopiBHIOE
NOJBOEHIN MJIOLIl S, MOBEPXHIi, ONMUCAHOI IyTOK acTPOinH,
mo JexuTh y mepuiiii usepti (0<t<n/2). Ilposememo
O0YHUCIICHHS:

S=28, = 2.2nj:2 YOJ(X )2+ (y'(©)7dt =[x =acost;

y=asin’t; x'(t)=—3acos’tsint; y'(t) =3asin*tcost;

@)% + (v ()2 = /922 (cos* tsin >t +sin* tcos’t) =
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n/
=3asin tcost; t, =0; t2=n/2|:4rc.f0 “asin®t-3asin tx =

n/ n
xcost dt = 127ra2_|‘0 “sin“t-cost dt =12ra> (1/5)sin°® t‘olz =.

=(12/5)7@a® (kB. o11.).

1.3.5 Maca, craTuuHi MOMEHTH, MOMEHTH iHepuii
Ta KOOPAMHATH HEHTPA Mac IJIOCKOI AyT'H

1. | Maca gayrd IUIOCKOT b
KPHBO m= Iy 1+ y'?(x) dx

L: y=y(x), a<x<b,
p=pu(x) — nixiiina

I'YCTHHA
2. | CratnuHi MOMEHTH b —
IUIOCKOT  KpPHMBOi  BiJI- M, = Iﬂ YW1+ y? (%) dx
HOCHO  KOOPJWHATHHX ¢ .
ocen Myzjyx 1+ y'?(x) dx
a

L: y=y(x), a<x<bh,
u=pu(x) — niniiina
I'yCTHHA

3. | MomenTH 1HepIii

IUTOCKOI  KPHMBOI  BijI- |, = J': yZ u(x) 1+ (y'(x))?dx

HOCHO KOOPpAWHATHUX

ocei l, = I: X2u(x) 1+ (y'(x))*dx
L: y=y(x), a<x<b,

w= H(X) —  iHiliHa

I'yCTHHA
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4. | Koopaunatu LIEHTpa M, . M
Mac IJIOCKO1 KPUBOT m m
L: y=y(x), a<x<b

HPUKJAA. [nsa nyru Koja y:\/9—X2, xe[0;3],
pPO3TAlIOBAHOT y TMEpINii KOOpAWHATHIM YBEPTi, 3HAUTH

Macy m, craTuyHi MOMeHTHd M,, M y 1 MOMEHTH 1HEpIi

e 1y BIAIIOBIAHO BigHOCHO oceii Ox Ta Oy, a TakoX

KOOpJAWHATH ILIEHTpa Mac C(XC , yc) . Jliniiina r'ycTHHA
u(x) =p, =const .
Po3ze’sizannsa: 3uaiinemMo ):[I/I(bepeHuian JOBXXWHU OYTU:

2
JSSR S TN VT N R Sl VO

y = — , 1+ .
V9 —x? 9-x? V- x°
O6uncaIUMO Macy Ayru:

o ¢ 3adx P odx
m—!u(X)\/H(y) dx—!uo—rxz —3%! P

9

=3y, arcsin(x/3)|z =3p, (arcsinl—arcsin0) =3u, /2.

3HaiiieMo CTaTUYHI MOMEHTHU, MOMEHTH 1HEepIi Ta
KOOPJMHATH IIEHTpa Mac:

M, Iyu(x)«/1+(y dx = j\/g an Jﬂ— MO[dx:

=3py X[3=9pp; M, IXH(X)\/1+(Y dx = I 3“0 d =

u=9-x% du=-2xdx; 3 du 0
= ’ ! = —— = —3 »\/a =9 ’
u =9; u, =0 “OJ.\/— Ko ‘9 Mo
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3dx

= i y2 u(x) \/1"' (yl)2 dx = i(g_ Xz)uo \/ﬁ

:3u0j:\/9—x2dx:| x=3sinu; dx=3cosudu;

V9—x? =3cosu; u=arcsin( x/3); u, =arcsin 0=0;

u, =arcsinl=r/2 |:3M0_[0n/23cosu -3cosudu =

/2 2 /2
:27“0.[0 CoS udu=(27/2)uojO (1+cos2u)du =

= (2712) o U+ L/ 2)sin2u)[[* = 277y, /1 2;
¢ 3dx x2dx
1, = [ X OO L+ (v de= jxuo g, [

a

| Joox

=| x=3sinu; dx=3cosudu; v9—x> =3cosu;

u=arcsin( x/3); u, =arcsin 0=0; u, =arcsin 1:n/2|=

nl2

=3y, _[

(27/2)%[ (L—cos2u) du = (27/2) p, (u - (L/ 2)sin 2u)|;

nl2

. 2
(3sinu)”-3cosudu _ 274, I sinudu =

3cosu

n/2

M

:—y:
m

C

Mo
3np, /2

B 277y, | «

; =6m;
2

1.3.6 Ha61u:keHe 00UMC/IeHHS BUSHAYEHHUX IHTerpaJiiB

1.

dopmyna JiBUX
MIPSIMOKYTHUKIB

j:f(x)dXzb_

+Y, et Y, ,)
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2. | ®opmyia b b-
paBi j f (x)dx ~ Y, ot Y)
MIPSIMOKYTHHUKIB
3. | ®opmyna b b-a(y,+Y,
Tparnemii Ja 1) dsz(oT+ NFet Yo
4. | ®opmyia b _b-a
napabo .[a F(x)dx~ 3n Yot
(Qopnya QY+ Yoot Yo) +
Cumricona)
+2(Y, + Y, +oF Yoo)]s
1€ N - mapHe YucIo.

INPUKJIAJL 1. O0uncnuTy HaONMMKEHE 3HAYCHHS BH3HA-
nl2

YEHOro 1HTerpaia '[ sin xdx 3a momomorow GopMysH mps-
0

MOKYTHHKIB, pO30MBIIH BiIpi30K iHTeTpyBaHHs Ha 10 yac-
TUH (OOYHMCIICHHS MPOBOAUTH 3 OKPYTJAEHHSAM JO APYTrOro
JIECATKOBOTO 3HAKY).

Po3zé’azannsa: Po3i6’emo BIIpI30K  IHTErpyBaHHs

[a,b]:[o,g} Ha N=10 piBuux yactun. Toxi a=0, b:g
b-a =#n/2-0 =

AX = = =—,
n 10 20
X, =a+k-Ax:

X, =040 —=0, X =0+l —=—" x =0+2—=_,
20 20 20° 20 10
X, =043 =%y 044"l 4 045 T
20 20 20 5’ 20 4
X, =046 5 =%y 047 B_TT 048 2T
20 10 20 20 20 5
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X, :0+9-2—’B:2—g, X, =0+10-%=g.

OO0uucnuMO 3HAa4YeHHS MiAIHTErpalbHOI (QYHKIIIT
IpU KO)KHOMY 3HAUEHHI X !

Yo = f(%)=sin0=0, y1=f(x1)=sin2—%=0,16,
y2=f(x2):sin%=0,31, y3:f(x3)=sin2—g=0,45,
y4=f(x4):sing=0,59, y5:f(x5):sin§:0,71,
yezf(xﬁ):sini—gzo,Sl, y7:f(x7):sin;—g:0,89,
y8=f(x8):sin2—;=0,95, yng(xg)zsing—gzo,%,

Yio = f(xlo):Sing:]“

3a ¢popMysor0 JTIBUX MPSIMOKYTHHUKIB:

T
nl2 -

I sin xdx ~ -2 5 -(O+0,16+0,31+0,45+0,59+0,71+0,81+

0

+0,89+O,95+0,99):2—7B-5,86:O,92.

3a hopMyI0r0 MpaBUX MPSIMOKYTHHUKIB:

T
in/2 *—O

I sin xdx = 2 0 -(0,16+0,31+0,45+0,59+0,71+0,81+0,89+

0

+0,95+O,99+1)=2£0-6,86:1,08.

O6III/ICJ-H/IMO TOYHC 3HAUYCHHA iHTeraJIyZ
nl2

J. sin xdx = —cos x|}~ = —cosg—(—coso) =—0-(-1)=1.
0
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HNPUKJAJA 2. OOumciutd HaOMDKEHE 3HAYEHHS
8
. dx
BU3HAYEHOTO 1HTErpaia I a1 3a JIONOMOTOI0 (opMyTH
X+
0

Tpamneniii, po3OMBILIN BiAPI30K 1IHTErpyBaHHA Ha 10 yacThH
(oOuncneHHS TPOBOAUTH 3 OKPYIJIEHHSM JO JApPYroro
JIECSITKOBOTO 3HAKY).

Po3z6’azanns: P0316’emo BIJIPI30K IHTerpyBaHHs
[a,b]=[0,8] Ha n=10 piBnux yactun. Toxi a=0, b=8.

A_b-a_8-0_8 4

n 10 10 5
X, =a+k-Ax:
x0:0+0£:0, x1:0+1£:ﬂ:0,8,

5 5 5
x2:0+2£:§:1,6, x3:0+3£:2:2,4,
5 5 5 5
x4:0+4-ﬂ:E:3,2, x5:0+5£:4,

5 5 5
x6:0+6£:ﬁ—4,8, x7:0+7£:§:5,6,
5 5 5 5
x8:0+8£=g=6,4, x9:0+9-£:§=7,2,
5 5 5 5
4
x10=0+10€:8.

O06uncnuMO 3HAY€HHA MiAIHTErpaibHOi (QyHKLII npu
KO>)KHOMY 3HAQ4YEHHI X

1 1
yo (XO) 0+1 ' yl f(xl) 0,8—}—1 01561
1 1
yz_f(xz)_L6—Jrl_O,38, y3—f(x3)—2,4+1—0,29,
1 1
y4_f(x4)_&2—+1_0,24, y5—f(x5)_m_0,2,




1 1
ye_f(xe)_4’8+1_0,17, y7_f(x7)_5’6+1—0,15,
1 1
=f = =0,14, =f = =0,12,
Vo= (%) 6,4+1 Vo= T(x) 7,2+1

1
Yio = f(Xlo)=8—+l=0’11-

3a ¢popMyII0r0 TpameIiin:

8
[ dx z8_0-(1+O’11+0,56+0,38+O,29+O,24+0,2+0,17+
o Xx+1 10 2
+0,15+0,14+0,12)=0,8-2,81=2,24.
OO0YKCIMMO TOYHE 3HAYCHHS IHTErpaTy:

8

X infx+1f =InfB+1-In[0+1=In9-0=1n9~2,2.
o X+1 0

MHNPUKJIAJL 3. OOCuuciuru HaAOMMKEHE 3HAYCHHS
8

BHU3HAUEHOTO 1HTerpasa I Vx*+16dx 3a J0OMOMOrOIO
-2

dbopmymnu CumricoHa, po30UBIIH BiPi30K IHTETPyBaHHS Ha

10 yactuH (OOYMCIIEHHS MPOBOJUTH 3 OKPYTJICHHSIM 0

TPETHOTO JIECATKOBOIO 3HAKY).
Posze’sazanna: Po310’eMo0  BIAPI30K I1HTErpyBaHHS

[a,b]=[-2,8] Ha n=10 piBHux yactun. Toxi a=-2, b=8.

_b—a_8—(—2)_8+2_

~n 10 10
X, =a+k-Ax:

X, =—2+0:1=-2, x=-2+11=-2+1=-1,
X,=—2+2:1=-2+2=0, X =-2+31=-2+3=1,
X,=2+4-1=-2+4=2, %X =-2+51=-2+5=3,
Xe =—2+6:1=-24+6=4, X, =-24+7-1=-2+7=5,
Xg =—2+8-1=-2+8=6, X, =-2+9-1=-2+9=7,

1.

AX
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X, =—2+10-1=-2+10=8.

O0uncnuMO 3HAa4YeHHS MIJIHTErpajgbHOi (QYHKLII Npu
KO>KHOMY 3HAQ4YEHHI X:

=\(-2)’+16 =-8+16 =8 =2,828,
= (1)’ +16 =/-1+16 =15 =3,873,
y, =\0°+16 =16 =4, y, =1’ +16 =17 = 4,123,
y4=m=m=m=4,899,
Y, =3 +16 = /27 +16 = /43 = 6,557,
Y, =\4*+16 = /64 +16 = /30 = 8,944,
y, =+/5° +16 = V125116 = 141 =11,874,
L =/6° +16 = 216+ 16 = /232 = 15,232,
= J7°+16 = /343116 = /359 = 18,947,
= /8% +16 =/512+16 = /528 = 22,978,

3a ¢popmynoro CumrcoHa:

t b—a
[N +16 a0 === Yo+ Vi +4 (Y + Vs + Y+ Y7 + Yo ) +
2

CDCDO‘:CD

+2(Y, + Y+ Vs +Ys) | = 8;_(1_02) [2,828+22,978+

+4(3,873+4,123+ 6,557 +11,874 +18,947) +
+2(4+4,899+8,944+15,232) | =

=%-[25,806+4.45,374+2-33,075]=

= % -[25,806 +181,496 + 66,15] = % 273,452 =91,151.

Janwii  iHTErpa)l  MOXXHAa  OOYHCIUTH  TITBKH
HAOJIMKEHUMU METOIaMHU.
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2. IM®EPEHIIAJIBHI PIBHAHHA

2.1 IndepennianbHi piBHAHHSA NEPUIOT0 NOPSIAKY

Ha3Ba piBHAHHS

Moro BUIIsS Ta PO3B’SI30K
p

PiBusuHA 3
B1JIOKPEMIICHHU-
MU 3MIHHUMHA

Hasusarotn piBHHHHH 10 Ma€ BUTJIAL
fl(X) (Dl(y) X + fz (X) (pz(y) ) dy =0

ne @(y), @,(y) — OQynkuii Bix Y;
f,(x), f,(X) — bynxuii Big X.
Po36’a3anna: Iloginutu piBHAHHS Ha
no6yrox f,(X)- @ (Y) Ta orpumarn

L00 g, 200 g0
LOO a)

Tonmi 3aranbHMI  1HTErpajll  PIBHSAHHSA
TaKUU

00 gy 12y _ e
o ¥ ¢

3ayeascenns. Ilinm yac nAiUIeHHS Ha JIO-

6yrox f,(X):-@,(Y) moxma BrparmTm

pPO3B’S30K  3aJ]aHOTO  PIBHSHHS, IIpH
AKOMY IIell J0O0yTOK JOpIBHIOE HYIIIO.
(muB. Jlomatok 2)

ABO mae Takuii BUTIS

y'=f(x)-o(y)

b) . . ’
Po3e’sa3anna: IlincraBumo 3aMicTsh Y
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dx

!/ .
BUpa3 Y = —— OTPUMAEMO PiBHAHHS

Y= 1(9-9(9)

dx
[ToMHOXkUMO OOMIBI YAaCTUHHU PIBHSHHS
Ha BHUpa3 dx 1 OTpUMAEMO PIBHSIHHS
o(Y)
dy .
—— = f(X) - dX Tta npoinTerpyemo
o(y)
Jli = I f (x)-dx
o(Y)
Ile 1 Oyne 3aranpHUM pPO3B’SI30K pIB-
HSTHHSL.

MMPUKJIIA. [IpointerpyBatu piBHSHHS
(L+x?)- dx—2xy-dx=0.

Po3é’aszanna: 3amane piBHSHHA — 1€ pIBHSIHHA 3
BIJIOKpEMJICHUMH 3MiHHUMH. [lominmmo OOWIBI YacTUHH
PIBHSHHS Ha J00YTOK (1+ XZ)-y, OTPUMAEMO DPIBHSHHS
BUTJISTY

dy 2xdx _

y 1+x®

0.

=0 ra 3Haii-

: . dy  2xdx
HpOlHTCpreMO ae plBHf{HHf{ J.— — J 1 X2
y +

JIEMO HMOTrO0 3arajbHUM po3B’ 30K
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In|y|~In(l+x?)=InC,

1 e, y—cliex)

3ayeascenns. 1lin yac auleHHS Ha TOOYTOK (1+ Xz)- Yy mu

BBAKAJIH, 110 (1+x2)-y¢0, TO6TO (1+ XZ);tO Ta Y#0.

Ane Y =0 — po3p’a30k piBHAHHS, B IIbOMY MOKHA BIEBHH-

Tucs Ge3nocepennbo. Lleil po3B’a30K OTPUMAHO 3 3arajb-
Horo po3s’si3ky saxmo C =0,

Onnopinne
nudepeHIiaib
HE PIBHSIHHS
MIEPIIIOTO
MOPSIIKY

P(x,y)-dx+Q(x,y)-dy =0,
axmo xoedimiertn P(X,Y),Q(X,y) oxn-
HOPiIHI (PYHKIIIT OJTHOTO 1 TOTO X BUMIPY
N (muB. Jlomatok 3) .

ABO

)

Po3se’sa3anna: 3a QOOOMOror MijacTa-
HoBkH Y =U-X, ne U- HOBa HeBigoma
GyHKIIs, OJHOPIAHE pPIBHSHHS TEpeT-
BOPIOETHCSI B PIBHAHHS 3 BiJOKpeMIie-
HUMU 3MiHHUMH.

[Ipumitka. SIKII0 PiBHSIHHS Ma€ BUTJIS
y,:f(alx+bly+clJ
a,x+b,y+c,
&
a

1
¢0,T0
2 2

st sskoro A =
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X=U+X,
MEPETBOPEHHSAM , Ie TIOCTIMH1
y=v+Yy,

Xy Y, 3HaXOOATh 3 CHCTEMH PIBHSHb
ax+by+c =0
ax+b,y+c,=0

3BOJIUTHCS 7O OJHOPIAHOTO PIBHSHHS.

Sxmo A=0, To 3a momoMorom mneper-

BOPEHHS ax+hby=t PIBHSHHS

3BOJUTHCS JI0 PIBHAHHS 3 BIJOKPEM-
JICHUMH 3MIHHUMH. (TIPUKJIa/ HABEJIEHO Y
nonatky 4)

MMPUKJIAL. IIpointerpyBatu ogHOpiaHE AU EpeHIiaIbHE
PIBHSHHS (2xy+ y? )dX + (2xy+ X2 )dy =0.
Pose’sazanns: ®yuxuii P(X,y) = 2xy+Yy?; Q(X,Y) = 2xy + x?
€ ¢yHkuisMu apyroro mnopsaky. Hexait Y=U-X, Ttoxi
dy =u-dx+xdu. IlizcraBumo B 3aJaHe pIBHSIHHA Ta
OTPUMAEMO
(2xux+ (ux)? )dx +(2xux+x? Yu - dx + xdu) = 0
MiCJIsl CKOPOUYEHHS Ha X’ PiBHSHHSA MaTHMe BUIJIA
(2u +u? )dx +(2u +1)u - dx + xdu) =0
BinkpueMo nyXKu Ta mpuBeaeMo MoioHi
3ul+u Jdx+(2u+1)xdu=0,

MA€EMO PIBHSHHS 3 BIJIOKPEMJICHUMH 3MIHHUMH. 3arajibHHUHI
PO3B’SI30K SIKOTO Ma€ BUTJISI

xy(x+y)=C
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Jliniiui
nudepeHiiaib
HI PIBHSIHHS
HEPIIOTOo
HOPSAKY

Ha3uBaroTh piBHSIHHS BUTIISLY
¢1(X)'y,+¢2(x)'y+¢3(x) =0,
npuaomy @, (X) # 0
ABO
y'+p(x)-y=0q(x).
Po36’sa3anna: Po3B’ 30K TaKOTo pIBHSIHHS

3HAXOJATh Y BUTIIAIL

y =u(x)-v(x),
3pO3yMIJIO 1110
y' =u'(x)-v(x) +u(x)-v'(x).
[limcraHoBKM BHpasiB qis Y Ta Y' B
PIBHSIHHS TIPUBEJIC MOTO JIO BUTIISITY

vﬂ+{y+ p(x).v]u =q(X).
dx [dx

B skocti ¢yHkuii V oOuparoTh OJHY
GyHKII10, 10 3a/I0BOJIbHSIE PIBHAHHIO

dv
—+p(x)-v=0,
dx
toai U (yHKIIIIO BU3HAYAIOTH 3 PIBHSHHS

v&:q(x).

[Mpumitka. ko B 3aJaHO PpiBHSHHI
q(x) =0, To6To Mae BurmAN

!

y'+p(x)-y=0
To piBHSHHS HA3UBAIOTh JIHIUHUM O0O0-

HOpIOHUM, a WOTO 3arajJlbHUi poO3B’SI30K
BU3HAYAIOTh 32 (HOPMYJIIOIO
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—| p(x)dx
y =Ce / :
[H1I11 METOIM PO3B’A3KY JIHIMHOTO HE-
OJIHOP1JIHOTO PIBHSAHHSA AUBUCH y [lo-
JATKy 5.

INPUKJIAJL 1. 3naiiTi 3aradbHUN PO3B’SI30K JIIHIHHOTO
Xy

x> +1

Po3eé’sazanna: 3anmane piBHSAHHS JIiHIAHE, B  SKOMY

nudepenIiansHe piBHAHAS Y —

X :
p(x) =-— ——, q(x)=x. Ilokmagemo Yy=u-v, TOmi
X +1
y'=u"-v+u-v'. Maemo TaKe PIBHSHHS
, , XUV , :
u-v+u-v'————=x. Po3B’skeMO [IBa TaKUX PiBHAHHSA 3
X“+1
. : , XV ,
BIJOKPEMIICHUMH 3MIHHHUMMU: vV - 2 = O, u-v=X.
X“+1
1) v XY dv_ xv dv_ xdx dv _J» xadx
X241 dx x?+1" v x2+1" Jwv x2+1'

V=X +1;

2) u’-v:x,u'-\/x2+1:x,du': du- X

X
dx  JYx2+1 dx  Jx?2+1
U=+/Xx*+1 +C. Ta 3anuieMo 3arajJbHUI PO3B’SI30K piB-

HSHHS y=\/X2+1~(\/X2 +1 +C).

HNPUKJIAL 2. 3HaWTH  3arajJbHUl  PO3B’SI30K
nudepeHIiabHe PiBHAHHS, 3aCTOCOBYIOUM METOJ| Bapiaiii
JOBLIBHOT cTanoi (nuB. {omgaTok 5)

y'—y-thx=1/2
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Po3ze ’sazanus: Po3B’sxemo CIIOYaTKy OJTHOpiTHE
midepeniansae piBasaas Y — Y- thx =0

dy
dx
Po3B’sokeMO  HEOMHOpIHE PIBHAHHS, PIMICHHS SKOTO
mrykatumemo  y Burnmimi Y =C(X)-chx, tobro C(X) -
byakmis  Bim  X. IIpomudepemiroemo, oTpuMaemMo
y'=C'(x)-chx+C(x)-shx rta migcraBumo Bupasu mis Y Tta

y-thx=0, Iny:jthxdx, Iny=Inchx+InC, y=C-.chx.

y’ B 3a/1aHE PIBHSHHS, MAEMO
C'(x) - chx+ C(x) - shx —C(x) - chx-thx =1/2,

C'(x)-chx=22, C'(x)=

, 3BLICH
2chx

t=¢e*
dt = e*dx

T06TO Y = ChX - (arctge it Cl)

e +1

dx e*dx
X +e~ =]

C(x)zj

X
=arctge ~ +C,,

!/ a
y'+p(x)-y=q(x)-y
e O - IifiCHE YUCIIO.
Po36’a3anns: 3a TOIOMOIO ITiICTAHOBKHU

PiBusuHS
bepnymmi

_ vl C el
u=y 3BOJUTHCS 0 JIIHIAHOIO

MMPUKJIIA. [IpointerpyBatu piBHSHHS
dy/dx +8sin8x -y =4sin8x- y*.

Poss’asauna:  1-it  cmoci6: mne piBHsHHSA beprymi,

. — (04 .
3acrocyemo migcradoBky U = Y™ toxi
2-11 cnoci0: 3acTocyeMo MiAcTaHOBKY bepHyii

y=uv;y' =uv+uv' roxi:
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u'v+Uuv' +8sin8x-uv = 4sin8x-u*v*:
U'V+u(V'+8sin8x-v)=4sin8x-uv’;
po3p’sokeMo nBa piBHsHHS 1) V' +8SIN8Xx-v=0 i 2)
u'v=4sin8x-u’v* .
1)
V' =-8sin8xv; dv/dx:—8sin8xv;j dv/v:—8jsin8xdx ;
In|v| =-8-(~1/8)cos8x, (C =0); v =e™*.
2)u'v =4sin8x-uV® : u'e™® =4sin8x-u’e***;
jdu/u3 =J'4sin 8x.-e2™8x,
~1/2u° =-4/16 [ e***d (2cos8X);
1/u? = 1/2)e*** +C;
U? = 2/(&%% +2C);u = \/2/(£** +2C).

Bukonaemo o0epHeHy M1JICTAHOBKY:

2c0s8 8 . ,
y=uv= \/2/(6 @4 2C) "™ . saranbHuit po3s’A30K
T epeHIiaIbHOTO PIBHSHHSL.

Ile piBHsSIHHS, K1 MAIOTh BUTJIA
PiBHSIHHS B P(x,y)-dx+Q(x,y)-dy=0,

IIOBHHX JiBa  YacTHHAa  SKOTO €  IIOBHUM

nudepeniana nudepenIianoM aesaKoi GyHKIii
X P(X,y)-dx+Q(x,y)-dy =du(x,y).
[le piBHSHHS TaKOX MOXKHA TPEIACTABUTH
y BUTJISII
du(x,y)=0,

a WOro 3araJpHUM IHTErpajl MaTuMe
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surisy  du(x,y) =C.
®yukmis U(X,Y) Moxe OyTH 3HaimeHa i3
CUCTEMH PIBHSHb

ou ou
—=P(Xxy); —=0Q(x,Y).
P (x,) 5 Q(x,)
Pinm 0Q oP
1 1 - =
BHICTH aX

€ HeoOXIAHOW U JOCTaTHHOIO YMOBOIO
TOrO, WO JiBa 4YacTWHA pIBHSIHHSA €
MOBHUM JH(epeHIiaioM aeskoi QyHKIIii.
Bunanok xoiu J1iBa 4aCTHHA HE € HOBHUM
mudepentiaiom po3riasHyTo y Jomatky 6

MMPUKJIA. [IpointerpyBatu piBHSHHS
(2xy+x2)Jdx+ (x> — y? )y =0
Pose’sasanns. Y upomy piBHsSHHI  P(X,Y) = 2Xy+ x?
Q_, @®_,

X,Y)=x?—y?, 3Bigcu X, x. Ockinbku
Q(x,y) y it x o
0Q oP )
yMOBa & :E BUKOHYETHCSI MAEMO PIBHSHHS B MOBHHX
) ou ou
mudepenmianax. OTxe, 8_X =2Xy+ xz; E =X* - yz. Is

MepIIoi pIBHOCTI MAEMO
u(x,y) = [ (@xy+x")dx =Xy +X°/3+ p(y) .
[Mpomudenmroemo GpyHkimito U(X,Y)3a 3MiHHOO Y :
ou

okl +0'(y).

OCKIUJIBKHA
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ou
5 = x% - »%, 1o Maemo piBHicTs X2 — y2 = x2 +¢'(y), 3Bincu
3
o(y) = J— yidy = —y? +C,. IlizcraBuMO 3HaiIeHU# BHpa3 B
dopmyy s U(X,Y), OTpUMaEMO pillicHHs
u(x,y) =x?y+x3/3-y*/3+C, =C,,

abo X2y+x*/3-y*/3=C,

1€ 1 € 3arajdbHU 1HTETpaJl.

2.2 Indepenniiini piBHAHHS APYTroro NOpPsiAKY, sKi
JAOMYCKAITh 3HUKEHHS MOPSIAKY

Hazga g ’
PIBHSHHS Horo Burns ta po3s’ 30K
L mun Le piBHSHHSL, 10 Ma€ BUTIIS

PiBHsiHHS, 5K F(x,y")=0 a6o y"= f(x)
MICTATH TUIBKHU o
y" Tasminny | A€ f(x) — dyHkuis Big X.

Pose’szannsa: 1lngxom MOCHIIOBHOTO IBO-

X
KpaTHOTO 1HTETPYBaHHS 3HAXOIUMO 3aralib-
HUU PO3B’ 30K nudepeHIiaIbHOTO
PIBHSHHS:

[yrdx=[ f(x)dx+C;
y'= [ f()dx+Cy;
j y'dx = j(j f (x)dx)dx + j C,dx+C,:
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y'=[([ f(9dX)dx+C,x+C, - sarambmuit

pPO3B’S30K BHUXIAHOTO AWGEpEHIIaTbHOTO
PIBHSHHSI IpYroro MopsiaKy.

3ayesasicenns. Y BUMAKY
I EPEeHLIIATbEHOTO PIBHSHHS N -ro

mopsiaky (n>2) murmamy Y™ = f(X)
3araJIbHUMA  PO3B’SA30K  3HAXOJIUTBCA N -
KpaTHUM 1HTETpyBaHHSM.

MMPUKJIA/L 1. 3HaiiTu 3aranbHUA pPO3B’ 30K PIBHSIHHS:

y' :——5x +COS X,

Po3se ’azanna: 3anane plBHSIHHSI — 1I€ PIBHSIHHSA, SIK€ MICTUTh

n

y 1 3MiHHY X . IHTerpyemo 1e  piBHSHHSA
Iy"dx J-xdx xdx

O6‘-II/ICJ'H/IMO 3a JOIIOMOT OO lHTeryBaHHH JaCTUHaAMU.
judv =uv —jvdu , U=X; du=dx; dv=edx; v=—e™, Toni

.fo3dx + Icos xdx+C,,

xdx
x(—e7*) - j e ‘dx=-xe"*—e” , oTxe:

v« x5 i )
y' =—xe*—e” _ZX4 +sin x+C,. Temep iHTerpyemo Iue
pa3 oTpuMaHe audepeHiliaibHe PIBHIHHS

f y'dx = —J' xe *dx — Ie‘xdx — 5/4j X dx + Isin xdx +
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+ J'Cldx +C,
Ta 3HAXOJUMO HOTro 3arajbHUN PO3B’A30K:
y=—(xe*—e*)+e*—x*/5-cosx+Cx+C,,
y=xe*+2e*—x*/5-cosx+Cx+C,.

IMPUKJUIAJL 2. 3HaiiTu 3aranbHUI po3B’ 30K PIBHSIHHS:
y@ = e/ _g¥/x +sin(1-X).

Po36’a3anna: 3anane piBHIHHSA — 1€ PIBHSHHSA, SIKE MICTHUTh

y" i 3miEHy  X. IdHTerpyemMo 1ie  piBHSHHS:
I y@dx = je% dx — I8de + Isin(l— X)dx, OTPUMAEMO:

y® = Ye% - 40/ 63/%° + cos(l1-x)+C,, imrerpyemo mpyruii
pas:
j y®dx = YIe%dx - 40/6.[E{/Fdx + _[cos(l— X)dx + jCldx ,
orpivaemo: Y = 49’7 ~100/333/x —sin(1—x) + Cx+C,
IHTETpyEMO TPETiid pas:

r_ % 5/,/16 2
y' =343e’7 —500/5283/x*® —cos(1— x) + C, x*/2+C,x+C,
1 OCTaHHIN — YETBEPTHIl:

_ % _ 5/y21 H _ 3 2
y =2401e’7 —625/27723/x** +sin(1-x)+ C,x*/6 + C, x*/2 +
+C,x+C,

e piBHSHHS, 1110 Ma€ BUTJIS
1l mun
! 14
F(xy,y")=0.
PIBHAHHA, AKI | Pose g3anmsa: [Topsiiox PIBHSIHHS
HE MICTATH .
3HIXKYIOTB 32 JIOTTIOMOTOO TTiICTAHOBKU
LIyKaHy "= 2(%)
¢byHKLI0 y = !
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ne z(X) - wnoa mykaHa GQyHKiA. g
M1JICTAHOBKA IPUBOJAUTH 10 PIBHSAHHS BUIY:
F(x,z,2')=0, T00TO 10 PIBHSHHS MEPIIOTO
HOPSIKY, PIIICHHS SKUX MU PO3IJISAANU Y
MOTIEPETHEOMY PO3JILII.

INPUKJIAJL 1. 3HaiiTi 3aradpHUil PO3B’ 30K PIBHIHHS:

yl . y” — l )
Po36é’a3anna: 3anane piBHSAHHS — 1€ PIBHSHHS JPYroro
MOPAZIKY, SIKE HE MICTUTh Y. 3HU3UMO HOTO MOPSIOK 3a
ZIOTIOMOTr o010 migcranoBku: Y =2(X), 2'=Y", Toni:

z-7'=1z-dz/dx =1; zdz = dx; jzdz = Idx; 2?/2=x+C;
Z=1,/2x+2C,; BUKOHAEMO obepHEeHy i ICTAaHOBKY:

dy/dx =+,/2x+2C;; dy:i\/Z/X+C1dx;de:iﬁj,/x+cldx;
y:i\/iw/(X+C1)3 /(3/2)+C2 - 3araJlbHU  PO3B’SI30K

PIBHSHHSL.

MMPUKJIA/L 2. 3HaiiTu 3araibHUA PO3B’ 30K PIBHSIHHS:
xy" =2y,

Poss’asauna: 3agane piBHAHHA — L€ PIBHSHHS JPYroro
HNOPSAKY, SIKe HEe MICTUTh (YHKIIO Y. 3HM3UMO HOTO
HOPSIIOK 3@ JOMOMOror mifcraHoBku: Y =12(X), z'=Yy",
TOI:
z=(Cx)%

dz d

X-2'=272, Xx-— =22 '—2_2— —_J.Z
dx y4

Iln|z| =2In|x/+2InC;; In|z|= In(Clx) ; 2=(Cx)%
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BUKOHA€MO OOCpHEHY MiICTaHOBKY:

y' = (Cx)% % = (Cx)%; dy = (Cx)%dx; jdy = ijxzdx;

3

2 X . :
y=C; 3 +C, - 3aranpHMIA PO3B’SI30K PIBHSIHHI.

1 mun

PiBusaHHA,
K1 HE
MICTITh He-
3aJICKHY
3MiHHY

Lle piBHSIHHS, IO MA€ BUTJISAT

F(y.y',y")=0.

Po3z6’az3anns: Tlopsnok piBHSHHS 3HMXKYIOTb
3a JOTIOMOT OO IMIJICTAHOBKU

y'=p(y),
ne p(y) - HoBa mykaHa QyHKiis. B mpomy
BHITAJIKY 332 HE3AJICKHY 3MIHHY BBAXKAIOTh HE
X, a Y. Tomy npyra moxiJHa IOpIBHIOE:
y'=p"-y'=p'-y. lla miacraHoBKa MPHBOINTH
no piBusuas Bunay: F(y,p,p)=0, Tt06TO0 10
PIBHSIHHSI TIEPIIOTO TOPSAKY, PIIICHHS SKUX
MU PO3TISJAIN Yy TMOMNepPeIHLOMY PO3ILII.
SKI10 BAa€ThCS 3HANTH 3arajbHUM PO3B’SI30K
[OTO PIBHSHHSA,TO BOHO Ma€ BUTIIAI:
F(y,p,C)=0. Tak sx p=dy/dx, To piBHsHHS
F(y, p,C,) =0 1e piBHSHHS MEPIIOrO MOPSIKY,
3 SIKOTO MOYKHA BU3HAYUTHU IIyKaHy (DYHKIIIO
y.
Yacmunnui  6unadok.  SIKIO  PIBHSIHHA
F(y,y,y") =0 mae Burisn

F(y,y") =0 1)
i #oro Mo)kHa po3B’si3aTH BiHOCHO Y” Tak,
mo Y"=¢(y), To iHTErpyBaHHs, OKPIM
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PO3IJSIHYTOTO TMPHHOMY, MOYHA TPOBECTH
TaKMM YHHOM: IIOMHOXUMO OOWABI HOTO
qacTHHA Ha 2Y'0X 1 mpuBeIeMO PIBHSHHS 0
BUILY

2yy'dx=2p(y)ydx  (2).
JliBa YacTUHA [bOTO PIBHSAHHS
2y'y"dx =d(y'?), a y npasiit yacTuHi
y'dx=dy , Tomy (2) Oyme MaT BUTTISA]

d(y"®) =2¢p(y)dy.
3Bixcu BummBae, mo Y’ = ZI p(y)dy+C;;

y'=,2 J @(y)dy+C,. Ortpumane piBHAHHS

JIOTyCKa€e PO3IIICHHS 3MIHHUX. [HTErpyemo
HOTO0 1 OTPUMAEMO

dy

j J2[ody+C,

TOOTO BU3HAYUMO X SIK (PYHKIIIIO Y .

x+C, =

Jlo piBHsiHHA Buay (1) 3BOASATBCS TakoX 1
piBaanang Buxy Y™ =f(y"?), axi mictars
JIUIIE Bl ITOX1/HI, NOPSJOK  SIKMX
BIJIDI3HAETBCA Ha [BI ONMHUIL. B mpomy

BUMAJIKY 3aCTOCOBYEMO ITi/ICTAHOBKY
(n-2) _
Yy =p(x).

MPUKJIA/L 1. 3HaiiTu 3aranbHuil po3B’ 130K PIBHSIHHS:

yy'=y'@+y).

Po36’a3anna: 3anane piBHSIHHS — 11€ PIBHSHHS IPyTrOTO

MOpSAKY, SKEe HE MICTUTh 3MIHHY X. 3HU3UMO HOTO

3a gomomororw  migcraHoBku: Y = p(y),

115




y"=pY = p’p, toxi: y-pp=p{L+ p); p(yp'~1-p)=0; p=0
a6o yp'-1-p=0; y=0 abo yp'=1l+p; dy=0 abo
dp

—=1+p; y, =
ydy p; y,=C a6o

dp _dy. dy, _ .
p+1 jp+1 j " ;In[L+ p|=In[Cyy[;

1+p= Cly p=C,y —1, BUKOHAEMO 06epHeHy 3aMiHy'

d d
y Cly 1 Y Cly_ y I

dx "Cy-1) (Cy 1) =[x

C_ In|C,y -1 = x+C, - 3aranbHuit po3B’ 30K PiBHSIHHS y
1
HESIBHOMY BHIJIS/I.

MHNPUKJIAL 2. 3HailTH YaCTUHHUHN PO3B’ 30K PIBHSHHS:
y"=128y°, y(0) =1, y'(0) =8.

Poss’azanns: 3anaHe pIBHAHHSA — II¢ PIBHSHHS JPYroro
MOPSANKY, SIKe HE MICTUTh 3MIHHY X. 3HHM3UMO HOro
HOPSIIOK 32 JONOMOror  migcraHoBku: Y = p(y),

y'=pYy = p'p, Toni: p'p=128y’; F;i; =128y’
pdp =128y°dy; [ pdp =128[ y’dy;

2 4
% - 12?’ +C;;p° =64y* +2C,; p =+ [64y* +2C; ;

BUKOHAEMO OOCpHEHY 3aMiHY:
y'=+,/64y* +2C,; mizcraBuMo y Y TIOYaTKOBI YMOBH, TOJi
8=+,/64-1+2C,;64=64+2C; C, =0 =y =+,/64y" ;

, dy dy dy
=+8y%: —L = +8y?: =2 = +8dx; | —= = +8| dx:
Y =8y =48y jyz |
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—=48x+C, - 3arajgbHUl PO3B’SA30K PpIBHSAHHSA Y
y

HessBHOMY Burisial. IligcTaBUMO 1MOYaTKOBI yMOBH Y
3arajgbHUM PO3B’A30K:
-1 -1 1
—=0+C,;;C,=-1= —=48x-1 y=
1 y 1+8x
YaCTUHHMM PO3B’ 30K PIBHSAHHSL.

MMPUKJIA/JL 3. 3HaiiTu 3aranbHU PO3B’ 30K PIBHSIHHS:
3
y'y'=-1
Po36’a3anna: 3amane piBHSHHSA — 1€ PIBHSHHS JPYroro
MOPAJIKY, SIKE HE MICTUTh 3MIHHY X . 3alUIIeMO PiBHSHHSA B

"

TaKOMY BHTJISIL: Y = —]/ y3. [ToMHOXHUMO OOUIBI YaCTUHU
Ha 2y'dX i otpumaemo 2y'y"dx=-2y'dx/y*. Ame y'dx=dy,

a Tomy mMaemo d(y?) :—2dy/ y® . IaTerpyemo i oTpuMyemMo

w/1+C
y” +C1, y' = 1/ C; 1y . Posnaimstemo

d
3MiHHI iLzﬂjX, iHTErpyeMO  apyruii  pa3s i
J1+Cy

s J1+Cy°

1
BEJIMYMHOIO SIK BiJl’€MHOIO, TaK 1 JOJATHOIO , TO 3HAKH =+
nepell KOpeHeM MOKHAa HE MNHcaTh. 1o/Ai OCTaTOYHO

OTPUMYEMO =X+C,. Tak sk C, Moxe OytH

3arajgbHMN PO3B’A30K Mae BHMIIAn 1+Cy° =Cx+C,, ne
C,=CGC,.
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2.3 Jliniiini nudepenuiaibHi piBHAHHS BUIIMX
NMOPAKIB 3i 3MiHHMMU KoedinieHTAMU

Jliniiiai
nrdepeHtri-
aNbHI
PiBHSIHHS
N -ro NopsiIKy

y® + p )Y+ p ()Y o+ (Y +
+P,(¥)y="f(x),
ne f(X) - byHKIs HEe3aIeKHOT 3MIHHOT X,
3a IKOI0 OOYHUCJIIEH] TOXI1IHI.

3aysasicennsa: mykaHa GyHKIis y 1 Bei il
MOX1/IHI BXOJATH B 1I€ PIBHSHHS y MEPIIOMY
CTEICHI.
®yukuii  p,(x), i=L1..,n 1 mpaBa 4YacTUHa
piBHAHHA — (QyHkOis f(X) HenmepepBHI Ha
npoMikky  (a,b).  Dyskmii p; (X)
HA3MBAIOThHCS KOe(ILIEHTaMU PIBHSHHS.

Jliniitai
OJTHOPIAHI
g epeHiri-
anpHi
PiBHSHHS
N -ro nopsaKy

Skmo mpaBa yactuHa f(X) TOTOXHO

JIOPIBHIOE HYJIIO Ha MOpPOMIKKY (a,b), To

pIBHSIHHSA Ha0yBa€ TaKOro BUTIISITY

YO+ p Y + (Y et P ()Y +
+p,(x)y=0

1 Ha3UBAEThCS JUHIUHUM ~ OOHOPIOHUM

PIBHSIHHSIM N -TO TIOPS/IKY.

3aranbHUM PO3B’SI30K JIHIUH020 0OHOPIOHO20

PIBHSIHHSM N -TO TIOPSIZIKY MA€ BHUTJIS

y= Clyl(x) + Czyz(x) +.. +Cnyn (X) )
e C.C,,...C, - JIOBUIBHI cTall,
Y, (%), ¥,(X),..., ¥,(X) - JHIMHO He3aJleXHI

YaCTHHHI PO3B’A3KU OJTHOPITHOTO PIBHSIHHS.
Posrnssuemo  pos3p’szanns  JIOAP  2-ro
MOPSIAKY 31 3SMIHHUMH KOeQiliEHTaMHU.
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3aysaoicennsa. Sxmo Y, (X)  4YaCTUHHMM
PO3B’SI30K JIIHIHHOTO OJHOPIAHOTO PiBHAHHS
JPYroro MopsKy BUILY

'+ ()Y +p,(x)y =0

TO MWOro Jpyruii YACTUHHHUI PO3B’S30K,

JHIHHO HE3IC)KHUM 3 MePIITHM,
3HAXOAUTHCS 32 POPMYIIOI0
-| m(x)d
L P g
27N 2
Y1
IPUKJIAL. Bigomo, 1o y =e* po3B’s30K

, , X+1 .1 .

piBusuus Y' ———Y' +=y =0. 3naiitu
X X

JOPYTHUM JTIHIHHO HE3alIeKHUI PO3B’A30K.

036 si3anns: 3amgaHe pPIBHIHHSI — L€ JIHIHHE
Poss’ 3
OJIHOPI1JIHE PIBHSIHHS APYTOTO MOPSIAKY, HOTO
JIpYTMii YacTUHHUNA pO3B’A30K, JIHIIHHO
HE3QJIC)KHUM 3 MepIIMM, 3HaWIEeMO 3a

e—j P0G

(bopmysoro: Y, = yJTa ne
1

—I pl(X)dXzJ‘XTJrldx =J.dx+.[d—: = x+h|x|

[P0 _

(C=0), Toni: e
_ ex+|n\x\ _ ex _eln\x\ :exx .
e'xdx ¢ xdx
Orxe, Y, = y1_[w— J. =
u=Xx; du=dx

—X

= ex(— Xe "+ je‘xdx)z

dv=e*;v=—e
:ex(— xe —e’x):—x—l.
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Orxe, Vy,=—-Xx-1 - 1pyruii  JiHiliHO
HE3aJICKHUI PO3B’SI30K  JTU(EpeHIIaIbLHOTO
PIBHSIHHS.

Jliniiiai
HEOTHOPITHI
mudepeH-
miaapHi
PIBHSHHS
n-ro
MOPSIZIKY.

SAxmo f(x)=0, To pIBHAHHS HA3HBAETHCS
JUHIUHUM HEOOHOPIOHUM PIBHSHHSAM N -TO
MOPSIIKY:
YO+ p )y + p, ()Y + et P ()Y +
+ P, (¥)y="f(x),
ne f(x)=0.
3aranbHu PO3B’S30K JIHIUHO2O
He0OHOPIOHO20 PIBHSHHS 3HAXOIATH TAK:
1) 3HaxomATh SKU-HEOYOb OAMH HOTO
JaCTUHHUHN PO3B’S30K;
2)  3HaxXo4ATh  3arajbHUMl  PO3B’S30K
B1JIMOB1THOTO OJTHOP1THOTO PIBHSHHS,
3) cyma mmMx JBOX PpO3B’S3KIB 1 Oyne
3arajJbHUM  PO3B’SI3KOM  HEOJHOPITHOTO
PIBHSIHHSL.
Tonmi 3arayibHUN PO3B’S30K HEOJHOPITHOTO
PIBHSIHHSI Ma€ BHTJIS;
y=Cyi(x)+C,y,(x) +..+C.y,(X) +Y,, ,

ne Y, - YaCTUHHHM PO3B’s30K
HEOJIHOP1THOTO PIBHSIHHS,
Cy,(x)+Cy,(X)+...+Cy,(X) - 3aranbHuii

pO3B’ 30K BIJIIIOBITHOTO OJTHOP1THOTO
PIBHSIHHSL.
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2.4 Jliniiini nudepenuiajibHi piBHAHHS N-T0 NOPSIAKY 3

NOCTIHHMMH Koe(inieHTaMHu

Jliniiai
OJTHOPiIHI
g epeHiri-
aJbHI PIBHSHHS
n-ro

TOPSIZIKY 3
MOCTIHHUMHI
KoedilieHTam
u

y© +ay"? +a,y" P+ +a,,y +a,y=0,
ne a (i=12,...,n) - aiiicHi yncna, y -
nrykaHa QyHKIs, X - He3aJeKHa 3MIHHA.
n n-1 n-2 '
kK"+ak" +ak"“+..+a,,k'+ak=0 -
XapaKTEPUCTUIHE PiBHSIHHS.
1. Axmo k;,K,,...k, - AificHl He piBHI MiX
co00r0 YHcna, TO
y=Ce“ +C,e"" +..+Ce“* - 3aranbuuii

n

PO3B’S30K OJHOPITHOTO PiBHSIHHS.
2. Sxmo k;,k,,....k, - nOiiicHi 4ucna, ane

cepell HUX € PiBHI, TO KOXKHOMY KOpPEHIO K,

n

kpatHocTi |  BigmoBimae | miHiiHO
HE3aJIe)KHUX YAaCTUHHUX PO3B’SI3KIB, TOJI
y =Ce"" +C,xe"* + C,x%"*...+ C _x'e" -
3arajJlbHAN PO3B 30K OJTHOP1JTHOTO
PIBHSIHHSL.

3. SIkmo cepell KOPEHIB XapaKTepUCTUUHOTO
PIBHSIHHSI € KOMIUIEKCHI, aje He PIBHI MIX
co0010, TO KOXHIA Tapi CHPSKEHHUX
KOMIUIEKCHUX KOpeHIB a+pfi 1 a-pi
BIAMOBIAIOTh, [Ba YaCTUHHHUX JIHIMHO
HE3AIeKHUX PO3B’SI3KM PIBHAHHA BUTJLSLY
e cosAx 1 e™sin fX.

4. SIkmo cepen KOMIUIEKCHHX KOPEHIB Xa-
PaKTEepUCTUYHOIO PIBHSAHHS € KpaTHI KOMII-
JIEKCHI KOpEHi, TO KOPeHI0 « + SBi KpaTHOCTI

| (kopiHb « — i Mae Taky * KpaTHICTb)
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BIIIOB1Ia€ 2l YAaCTUHHUX JIHIAHO

HE3AIEKHUX pilIeHHS OJTHOP1THOTO

PIBHSIHHS, SIKi MAIOTh BUTJISI

e™ cos X, xe™ cos X, x’e™ cos fX,..., X' 'e™ cos X
e™sin X, xe™sin fx, x’e™sin fX,..., X' ™ sin fx

2.5 JliniitHi nudepenuiajgbHi piBHSIHHA IPYroro
NMOPSAKY 3 NOCTIHHUMU KoedimieHTaMu

JliniiH1
OJTHOPIHI
nudepeHiri-
aJbHI
PIBHSIHHS 2-
r0 TIOPAAKY
3
MOCTIHHUM
u
KoeilieH-
TaMHu
(JIOZLP)

ay"+by' +cy=0,
ne a,b,c - miiicHi yncia, y - mykaHa QyHKIIIS;
ak?+bk+c=0 -
XapaKTePUCTUYHE PIBHIHHS;
D=b’—-4ac.
1) D>0=k,= %; y, =Ce* +C,e -

3araibHul po3B’si30k JIO/P.

MMPUKJIAL. 3uaiitu po3B’si30k 3amaui Komri
PIBHSHHS y"+3y'+2y=0, SKIIO
y(0)=-1 y'(0)=3.

Poss’sazanna: lle JIOIAP 2-ro mnopsaky 3

NOCTIMHUMHM ~ Koe(ilieHTaMu.  3aluuiemMo
XapakTepucTuune piBHsHHA: K°+3k+2=0,
D >0, 3a TEOPEMOI0 Biera

k -k, =2 k,=-2 -2x -
; =Y, =Ce " +Cpe -
K +k,=-3 |k,=-1

3aranpHuil po3B’sa30k JIOJIP.
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[ITo6 po3w’s3atu 3amauy Komri, 3HaizeMo
MOXIJTHY 3arajJbHOTO PO3B’A3KY:

Y, =(Ce > +Ce™) =—2Ce > —Ce™.
[lincraBuMoO MOYaTKOBI YMOBH
y(0)=-1, y'(0)=3 B moxigHy i B 3arajbHUi
po3B’sizok JIO/P:

—1=Ce’+Ce’ [C,+C,=-1 [C,=1
{3 =-2C,° —C.e” {— 2C,-C,=3 {cl =2
Otxe, yactTuHHUM po3B’sa30k JIO[P:

y, =28 +e7*,

2)D:0:>k1:k2=;—::k; y, = e*(C,+C,X) -

3aranbHui po3B’s30k JIO/P.

HNPUKJIAJl. 3naliTu 3arajabHUil PO3B’SA30K
piBHSHHS y"+22y +121y=0.

Pozs’sazanna: e JIOIAP 2-ro mnopsaky 3
NOCTIMHUMHM ~ Koe(ilieHTaMH.  3aluuiemMo
XapaKTepUCTUYHE piBHAHHS: K+ 22k +121=0,
D =0, 3a TEOPEMOIO Bieta

k=12l e ™(C, + C,X)
ko =k, =-11=y, = +
kl + k2 — _22 1 2 yO 1 2

- 3arajbHuil po3B’sa30k JIOIP.

3) D<0= k, = a £ ip xomnrexcni xopeni,
Y, = C,e™(C, cos fx +C,sin px) - 3araabHuit
po3B’s30k JIOIP.

HNPUKJIAJl. 3nalitu 3arajabHuUi PO3B’SA30K
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piBHsSHHA Y"+9y=0.
Pozs’azanna: lle JIOAP 2-ro mnopsaky 3
NOCTIMHUMHM ~ KOe(iUieHTaMHu.  3aluuieMo
XapaKTepUCTHUHE PIBHSIHHS:
k?+9=0;k*=-9;k , =13i; =0; f=3=

=y, =C,e°(C,cos3x + C,sin 3x) =

=C, cos3x+C,sin 3x -
JIO/IP.

3arajdbHUM  pO3B’A30K

Jliniiai
HEOTHOPIA-
Hi
g epeHtri-
aNbHI
PIBHSIHHS 2-
r0 TIOPAAKY
3 MOCTiHH-
MU
Koediiien-
TaMH
(JIHZP)

ay"+by +cy=f(x),
ne a,b,c - aiiicHi uKMcna, Yy - myKaHa (QyHKIs;
f (X) - creniagbHa MpaBa YacTHUHA.
Y=Yot y -
BH/JI 3arasibHOTO po3B’s3ky JIH/IP,
ne Y,- 3aranbHuil po3B’szok JIOAP, y-
yacTUHHUK po3B’s30k JIHJIP, Burisg sikoro
3aJIeKUTh Bia BUTIIARY f(X).

Poszrnsaemo Buau npasoi yactuau JIH/IP 1
BUIJIA Y YACTUHHOTO PO3B’S3KY:

Kopeni
Burnsj npasoi yacturyn | XAPAKTC~ | Burisi 4aCTHHHOTO
pucTuy- , Vi
f (X) HOTO po3B’sa3ky JIH/IP, y
PIBHSHHSA
TIIBKY 11€i1 BUITATOK m # k1 |l Y= Pn (X) .e™
F)=P,(x)e™ | M=k
m=k. | y=xP,(x)e™
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Администратор
Выделение


m =K,

m=k: | y=x*P,(0e™
m=Kk,

MMPUKJIAL 1 . 3HaiiTi 3arajibHUN PO3B’ 130K PIBHSHHS:

y' —10y' + 25y = >
Posze’asannsn: e JIHAP 2-ro mopsnky 3 TOCTIHHUMU
KoeirieHTaMu. Woro 3aranbamii PO3B’SI30K Ma€ BHIJIAJ
y=Y,+y. llo6 3HaiiTn y,, 3anumemMo XapakT€pHUCTHUYHE

piBasHHsa: k*—-10k+25=0, D=0, 3a Teopemoro Biera

k -k, =25
{k +k, =10
po3B’si30k JIOJIP. Tenep 3HalaeMo y 3a BUIUISLAOM MpaBoOi

'k =k, =5=y,=e>(C,+C,X) - 3arajpHuii

yactuan  f(X) =€, Tak sk k =k, =5=m=y=x"-Ae™,
sHakgeMo YV, Vi Y =5Ae”X* + 2Axe™ =™ (5AX° + 2AX)
V" =5Ae”* (5x% + 2X) + Ae* (10X + 2) = Ae**(25%° + 20X + 2).
[MincraBumo V,y', y" B JIH/IP:

Ae™(25X° + 20X + 2) —10Ae™™ (5x* + 2X) + 25Ae>*X* = >

25Ax% + 20Ax + 2A—50Ax? —20Ax + 25Ax* =1,

2A=1, A=1/2 = §=1/2€°*x*- yactunnuii po3s’s30k JIHIP.
Orxe, y=€"(C,+C,X)+1/2e>x* - saramphuii PO3B’I30K
JIHJIP.

MPUKJIA/L 2. 3HaiiTu 3aranbHUil po3B’ 130K PIBHSIHHS:

y” _ yl _ 6y — 2xe3x
Poszsé’azanna: e JIHAP 2-ro mopsnky 3 mNOCTIHHHUMH
KoedirienTaMu. Horo 3aranbamii PO3B’SI30K Ma€ BUTJIS
y=Y,+Yy. llo6 3HaiiTu y,, 3anuiemMo XapakTepUCTHUYHE
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piBusnna: k’-k-6=0, D>0, 3a Tteopemoro Biera

k -k, =—6 3 _ox .
ki =3k, =—2=y,=Ce”"+C,e - 3araJbHHN
k,+k,=1
po3B’sizok JIOJP. Tenep 3HalieMo Yy 3a BUIVISIOM MpaBoi
YaCTHHH f (x) = 2xe™, TaK K
k, =3;k, #3= ¥ = (Ax+B)-e¥x = (AX* + Bx) - ¥, 3maiinemo
Y.y

Y = (2Ax+ B)e® + (AX® + Bx)3e™ = e* (3AX® + 2Ax + 3Bx + B)
y" =3¢ (3AX® + 2AX +3Bx + B) + e¥*(6Ax + 2A+3B) =
=e¥(9AX* + 6AX+3B +9BXx + 2A+6Ax+3B) =

= (9AX® +12AX +6B +9Bx + 2A)

[MincraBumo V,y', y" B JIH/P:

e¥(9AX* +12AX+6B +9Bx + 2A) —e* (3AX* + 2Ax +3Bx + B) —
—6e% (AX? + Bx) = 2xe™ ‘: e¥,

9AX® +12AX +9BX + 2A+ 6B —3Ax> —2Ax—3Bx — B —6AX® —
—6BXx =2X, mopiBHSIEMO KOEQIIIEHTH Yy MABOX YaCTHHAX
PiBHSIHHSL:

npu X: 10A=2; A=1/5;

mpu X°: 2A+B=0; B=-2/5.

Mincrasumo A; By V:y=(1/5x-2/5)e¥*x - wuactunnmii
po3B’sizok JIH/IP.

Orxke, y=Ce*+C,e™+(1/5x-2/5e*x - szaranpuuii
po3B’sizok JIH/IP.

MPUKJIA/L 3. 3HaiiTu 3aranbHUil po3B’ 130K PIBHIHHS:

Yy’ +9y =6e*.

Poszsé’azanna: lle JIHAP 2-ro mopsnky 3 mNOCTIHHMUMH
KoedirienTaMu. Woro 3aranbumii PO3B’S30K Ma€ BUTJISIA
y=Y,+y. llo6 3HaiiTn y,, 3anuiemMo XapakTepUCTHUUYHE
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PIBHSAHHS: k?+9=0, D <0,
k?=-9;k =+3i=y,=C,c0s3x+C,sin3x - 3aranbHUi
po3B’s30k JIOJIP. Tenep 3nHaiinemMo y 3a BUIVISLAOM IMPaBOi
yactuau  f(x)=6e, Tmak sk k zk, z3=y=A-e%,
3HaligeMo y, Vi Y =3Ae¥; y'=9Ae*.

[MincraBumo V,y', y" B JIH/P:

9Ae™ +9Ae™ =6e> :e*;18A=6; A=1/3=§=1/3e¥-

yacTuHHUH po3B’ 30Kk JIH/IP.

Omxe, y=C,cos3x+C,sin 3x+1/3e* - zaranbuuii po3B’sI30K
JTHJIP.

kl;to; y:Pn(X)
k,#0
_ k,=0. | y=x-P,(x
f=Rey | o0 Y TR
2
k=0, | y=x"-P,(x)
k, =0

MMPUKJIAJL 1. 3HaiiT 3araibHUi PO3B’ 30K PIBHIHHS:
y" +36y =36+ 66X —36x°.

Pose’asanna: 1le JIHJAP 2-ro mnopsiaiky 3 MOCTiIHHUMH
koe(dimientamu. Moro 3aranpbHUN pPO3B’SI30K Ma€ BUTIISL
y=Y,+y. o6 3nHaiitu y,, 3anumemMo XapaKTepHUCTUUIHE
PIBHSHHS: k?+36=0, D <0,
k? =-36; k, = +6i = y, = C,c0os6x +C,sin 6X - 3aranbHuii
po3B’sa30k JIOJIP. Tenep 3HaiinemMo y 3a BUIISLAOM IPaBOi
YaCTHHH f (x) =36+66x—36%>, TaK AK
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k 2k, #0=>y=Ax*+Bx*+Cx+D, s3maiizemo V,V":
YV =3Ax*+2Bx+C; y"=6Ax+2B. IlixcraBumo Y,y ¥" B
JIHP:

6AX + 2B + 36 Ax* + 36Bx* + 36Cx + 36D =36 + 66 — 36X°,
MOPiBHAEMO KOe(DilliEHTH B 000X YaCTHHAX PIBHOCTI:

npu x°: 36A=-36=A=-1;

npu x?:36B=0=B=0;
npu X:6A+36C =66—=C =2;
mpu X°:2B+36D=36=D=1.
Tomi: ¥ =-X+2X +1- vactunnuii po3s’s30k JIHJIP.
Orxe, y=C,cos6x+C,sinb6x—x>+2x+1 - s3aranphumii
po3B’si30k JIH/Y.
MMPUKJIIA/L 2. 3HaiiTu 3araibHUA PO3B’ 30K PIBHSIHHS:
y' =2y =1+3%%.
Pose’azanna: e JIHAP 2-ro mopsaky 3 mHOCTIHAMH
koe(dimientamu. Moro 3aranpbHUN pPO3B’SI30K Ma€ BUTIISL
y=Y,+y. llo6 3Haiitn y,, 3anuimemMo XapakTepUCTHUYHE

PiBHSHHS: k?—-2k=0; k(k-2)=0, D >0,
k,=0;k,=2=vy,=C,+C,” - 3araneHuii pO3B 30K
JIOJIP. Tenep 3HaiinemMo Yy 3a BUIVISIOM IPaBOi YACTUHU
f(x)=1+3%%, TaK K
k,=0;k, #0=>y = (AX’ + Bx +C)x = AX’ + Bx” +Cx,,

3HalgeMo Y, VY': Y =3Ax*+2Bx+C; V' =6Ax+2B.

[TincraBumo V,y', y" B JIHJIP:

6AX+ 2B —2(3AX* +2Bx +C) =1+3x*, mopisHseMO Koedi-
IiEHTH B 060X YaCTHHAX PiBHOCTI: IpH X . —6A=3= A=-1/2;
npu X:6A—4B=0=B=-3/4;

npu X*: 2B-2C=1=C=-5/4.
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Toni: y=-1/2x°-3/4x*—5/4 - vactunnuii po3s’s30x JIHIP.
Orxke, y=C,+C,e”-1/2x*-3/4x*-5/4 - szaranpuuii
po3B’sizok JIH/IP.

+ fi =K, ,| ¥=Acos X+ Bsin X
f(x) = acos X + bsin fx

+ fBi = K,y = x(Acos A+ Bsin /X)

MMPUKJIIA L. 3HaiiTu 3aragbHuil po3B’ 430K PIBHSIHHS:
y"+4y"+20y =5c0s4x —3sin 4x .

Pose sizanna: e JIHAP 2-ro nopsaky 3 MOCTIHHUMH
koe(dimientamu. Moro 3aranbHUN pO3B’SI30K Ma€ BUTIISL
y=Y,+y. llo6 3naiitTu y,, 3anumemMo XapakTepUCTUUYHE
PIBHSHHS: k?+4k +20=0,D=16-80=-64, D <0,
k,=(—4+8i)/2=-2+4i; k,=(-4-8))/2=-"2-4i=>

Y, =€ 2*(C,cos4x +C,sin 4x) - 3aranbHuii po3s’sazox JIOIP.
Tenep 3HaiiieMO Y 3a BUIJISJOM IIPAaBOi YaCTUHU

f (x) =5c0s4x —3sin 4x, TaK SIK
k, #k, # +4i = y = Acos4x + Bsin 4x,  3HaiineMmo Y, VY':
Y =—4Asin 4x + 4B cos4x; y"=-16Acos4x—16Bsin 4x.

[Migcrasumo y,Y', Y B JIHIP:
—16Acos4x —16Bsin 4x —16Asin 4x +16Bcos4x + 20Acos4x +
+20Bsin 4x =5c0s4x —3sin 4X, mnopiBHsEMO KoedillieHTH B

000X YacTHHAaX PiBHOCTI:
cosdx: 4A+16B =5; A=1/4

" sin4x:—16A+4B=-3; B=1/4’

Tomi: ¥ =1/4cos4x+1/4sin 4x - vactunauit po3B’ 130Kk JIH/IP.
Omke, y=e7(C,cosdx+C,sin 4x)+1/4cos4x+1/4sin 4x -
saranbHuit po3B’ 130k JIH/P.

1p
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—_ *
IpmmiTka: Pn (X) - IIe MHOTOWIEH CTENEH] N, AKUH Ma€ BUTTISL

P.(X)" =

AX" + BX" 1+ Cx" 2 + ...+ Rx"

2.6 Cucremu nudepeHuiajibHUX PiBHIHb

Cucremu NiHIAHAX
IuQepeHITiaTbHIX
PiBHSIHB
MEPILOro MOPSAKY
31 cTaTuMH
KoedirieHTaMu
(CJIAP)

o, /dt =8y, X + 8%, + .o+ 8y, X, +by(1);
dx, /dt =a,,X, + ay,X, +...+ a,,X, + b, (t);
dx, /dt =a, X, +a,,%, +...+a,,X, + b, (n),
Jae t - apryMeHr,
X, =X (1), X, =%, (t),..., X, =% (t) - mrykasni
ynxuii, ay,i —=1n, j =1n - cram Koe-
by (),....b, (1) -

(Bimomi meBHi ¢yHKIi). Yucno n Hazu-
BAETHCS MOPSJIKOM CHCTEMHU.
Po3B’sa3xkom CHUCTEMHU Ha3MBa€TLCSA

Pyskazisn X = (,(8), X, ()., X, (1)

¢imienTw, BUIBHI YIEHU

Jlinitini ogHOpPIAHI
cHCTeMHU
TudepeHIiaTbHIX
PIBHSIHB

(JIOC]IP)

dx, /dt =a,,% +a,X, + ...+ Ay Xy;

dx, /dt = a,,X, + 8yX, + ...+ 8y X, ;
dx,/dt =a X +a,,X, +..+a,X,
CHUCTEMA JHIAHUX OJTHOPITHUX

mudepenmianpsaux piBHsAHb (CJIOP).

[i 3aranmbHUN PO3B’SI30K Ma€ BUIJIAN
JIHIAHOT KOMO1HAIT

X =CX,+C,X, +..+C X,, ne C,..,C, -
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JOBUIbHI  ctam, X,,., X, - JIHIAHO

HE3aJIe)KHI  YaCTUHHI  PO3B’SI3KH, 11O
YTBOPIOIOTh (PYHJITAMEHTAIbHY CUCTEMY.

HPUKJIAJl. 3HaiiTu po3B’S30K cucteMu AudepeH-
dx/dt =—x+y,

dy/dt =—x-3y.

Pos3é’azanna: 1le TOC/P 1-ro nopsaky 3 mOCTIHHHUME Koe-

¢imienramu. Po3B’spkemMo 11 METOJAOM BWIIYYEHHS. Y CHC-
TeMl X 1 y 1€ HeBiAoOMI (yHKIIi, a t - He3aJeKHa MIHHA.

[1aJTbHUX PIBHSHB: {

JudepeHiiroeMo nepiie piBHIHHSI CHCTEMH 3a 3MIHHOIO t .
X"==X'+y' =y =xX"+x". Jlaxi 3 mnepmoro piBHIHHS
CHUCTEMHU BUpPA3UMO Y , Tofai: y =X+ X. [lizctaBumo X 1 X'
B Jpyre piBHsAHHA cuctemu Ta orpumdMo JIOJIP 2-ro
nopsaaky: X' +X =-X-3(X'+x)=x"+4x'+4x=0 -. Ilo6
3HAUTU MOro pO3B’SA30K, 3alUIIEMO XapaKTEPUCTHUYHE
piBHsIHHA, sike U Oyzae wrykanum po3s’siskom JIOJIP:
k?+4k +4=0,(k+2)* =0,k =k, =—2=x(t) =e*(C, +C,t).
11106 3maiit Y (t), o0uncaumo X'(t) = (e (C,+C,t)) =
X'(t)= (e (C,+C)) =-2e*(C,+C,t) +eC, =
=e ' (-2C, - 2C,t+C,).
Toni: y=X +x=e7"(-2C,—2C,t +C,) +e*(C,+Cyt) =
=e?(-C,-Ct+GC,).
Orxe, pO3B’SI30K CUCTEMHU Ma€ BUTIIS:

x=e7(-2C,—2C,t + C,),

{y =e ?(-C,-C,t+C,).
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JTOJATKH

Hoapatok 1
Tpancyenoénmna ¢hynxyis — anamituaHa QyHKIIIS, 110 HE €
anredpaiyHoro. [IpocTuMu nmpukiagamMu TpaHCUEHIEHTHUX
byHKIIM € ToKa3HWKOBa (YHKIIIS, TPUTOHOMETPUUHI
¢yHKLIT Ta OOEpHEHI 10 HUX, JorapudmiuHa QyHKIs.

JlopaTok 2
IIpumitka. Ilporo MoXkHa YHUKHYTH, SKII0 Oe3moce-
PEIHBO MIJCTABUTH KOPEHI IBOro AOOYTKY B OTpUMaHUI
3arajbHUI po3B’sA30K IU(epeHI1aTbHOrO PIBHIHHS.

Honarok 3
3ayBaxkeHHss. OqHOPITHUMH (QYHKIISIMHA OJTHOTO 1 TOTO X
BuMipy N BBakaroTh Taki (yHKUII, IS SKUX NpU OyIb-
akoMy K BHKOHYETBCS TOTOXKHICTB

P(kx,ky) =k"P(x,y), Q(kx,ky) =k"Q(x,y).

Honarok 4
MHNPUKJIAJl. 3naiiti 3araJbHU pO3B’sI30K audepeH-
: . , 2x-3y+11
iaJIBHOTO PiBHSAHHS Y = ——— .
3X+Yy
Po3ze aszannsa: Jns L[bOT'O PIBHSHHS
2 -3
A= 3 =2+9=11=0, ne nocriitni X;, Y, 3HaX01UMO
3 CUCTEMH PiBHSIHb
2x-3y+11=0
3X+y=0
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ITicsst po3B’sI3Ky CHCTEMH OTPHMYEMO, 110 X, =—1, Yy, =3.
X=u-1
, 3BiICH
y=v+3
dx=du, dy=dv. IlizcraBumMo BCe II€ B 3aJaHE PiBHSIHHS,
dv 2(u-1)-3(v+3)+11 oo OV _2u-3v

Takum 9uHOM MNEPCTBOPCHHA Ma€ BUTIIA {

OTPHMAEMO: —— = a6o — = .
P du 3u-1)+v+3 du 3u+v
. v .
BHKOHAaEMO TiJCTAaHOBKY Z= " abo V=Uz, 3BiacH
dv  dz

o = d_u +2. IlizcraBuMo 1€, 1 TOAlI PIBHSHHS TpHUMae
u du

. dz -32+2 dz -3z+2
TaKUd BUIJISAT Uu—+2=—; U—=—-—-12:
du 3-z du 3-z
dz 22-6z+2 . .
—=—————_ lle piBHAHHA 3 BIJIOKPEMJICHUMHU
du 3-z
3MIHHUMH 3arajbHUN PO3B’SI30K SIKOTO Ma€ BUIJISA

. v
In (22 ~62+ 2)+ Ihu?=InC,. IliacraBumo Bupas Z= ;T
X+1=u

y-3=v’
MU  OTPUMAaEeMO  IIYKAHUM  3araJibHU O3B SI30K

TUQEepeHIliaIbHOTO PIBHAHHA, SKUA MaTUME HACTYMHHA
BUTJIST

In|(y —3)? - 6(x+1)(y —3) + 2(x +1)?|= I C,
(y—3)° —6(x+1)(y—23)+2(x+1)? =C;,;
y? =12y +29—6xy—14x+2x* =C,.

nepenseMo 10 3MIHHHUX X, Y, 3TIIHO (GopMys {

Joaatok 5

IpumiTtka. [{ns pimeHHs JIiHIKHOTO HEOTHOPIIHOTO

PIBHSIHHS y’+ p(x)- y:q(x) MO’KHa 3aCTOCOBYBaTH Me-
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TOJ Bapiallii 1oBUIbHOI cTaioi. Llei MeTon momsrae B ToMy,
[0 CMOYATKYy 3HAXOAATh 3arajlbHUM PO3B’SI30K PIBHSHHS
y'+p(X)-y=0, to6ro cmiBBigHOmEHHS Y = Cefjpmdx.
IToTimM, BBaKaO4YM B IbOMY CHiBBigHOmEHH] Benuunny C
¢yHKIi€0 B X, NIYKAIOTh pILIEHHS HEOJHOPITHOTO
PIBHSIHHS y'+ p(x)-y=q(x) y BUTJIS1 CIIBBIAHOILICHHS.
Jns uporo B piBHSIHHS V' + p(X)-y=0q(X) migcrasusrors
Bupasu st Y ta Y, Ta 3 oTpEMaHoro qud)epeHIiaabHOro
piBHsEHs  3Haxomate  ¢ymkmito  C(X). 3BarambHmit
PO3B 30K PIBHSIHHS OTPUMYIOTh B BUTJISII

y =C(x)e "

Jonatok 6
Skiro niBa yactTuHa AU EPEHIIATIBHOTO PIBHSIHHS
P(x,y)-dx+Q(x,y)-dy=0
He € mnoBauM gudepeHmiasioMm Ta icHye (QyHKIlIA
4= u(X,y), OpUIbOMY Taka, IO ,u(PdX + Qdy) =du, To
GyHKIIS M HA3UBAETHCS IHME2PYIOUUM MHONCHUKOM.
®Oyukmis (X, Y) 3a10BOJIBHIE PIBHIHHIO

ko E(E —@] = f(X), To inTerpyrounii MHOKHUK 3a-
Qlady X

JAEKATh Jauime Bix X, Tobro u=u(X). Sxumo
1(oP 0Q ) .

E(a —&) =@(y), TO IHTErpyrOYMii MHOKHMK 3aJICKHUTh
auie Bix Y, T06T0 1= u(y).
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Jonpatok 7

JITHIVTHI OJHOPIIHI JIM®EPEHIIAJIHHI PIBHSHHS
JIPYTOT'O MTOPSIIKY (JIOY)

ay"+by'+cy=0

2
XapakmepucmuyHe pigHAHHA: ak® +bk+c=0

Kopeni
Huckpu _
Minapr | ‘apaKICpHCTHY 3aranshe pimenns JIOAY, Y
HOT'O PIBHAHHSA
D>0 _C. oY L. ek
k, =K, ; Yo 1 2
k, eR;k, eR
D=0 k1:k2; yOZ(C1+C2‘X)’ek1X
k, eR;k, eR
D<0 | k,=a*if |y =e™(C, cospx+C,sin £X)

JITHTIAHI HEOJHOPIIHI IU®EPEHIIAJLHI
PIBHSIHHS IPYTOT'O MOPSIIKY (JIHY)

ay”"+by' +cy = f(x)

Bacanvue piwenns JTHIY: Yo, = Yo T Yy,

oe Yo — ye zacanvne piwenns JIO/Y, )_/ - Yye uacmuHHe

piwenns JIHIY, suensio axoeo sanexicums 6i0 eueiidy QyHKyii

f (%)
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Kopeni

Burnsg ywactuaHOTO

Burman dynkoii f(X) p;?f;;(;f)-l‘o pimenns JIHAY, y
PiBHSHHS
m=k, . y = Ae™
m =K,
m=k. U — . mx
f(x) = ae™ v ymxeAe
m=Kk,
m:kl; y:XZ'AemX
m= k2
k,#0. y=PF,(X)
k, =0
f(x) =P, (x LA )
(=P,
k1=0; VZXZ'Pn(X)
k, =0
Gi # k1,2 ¥ = Acos A + Bsin fx

f(x) = acos X + bsin Sx

,Bi = k1,2

y = X(Acos A+ Bsin X)

e *
Ipumitka: Pn (X) — II€ MHOT'OYJIEH CTEIEH] N, SKKil Ma€ BUTIIS]

P(x) = AXx" +Bx"" +Cx"* +...+ Rx’
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